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A method i s  developed f o r  c a l c u l a t i n g  long-wave r a d i a t i v e  t r a n s f e r  i n  
a plane p a r a l l e l .  atmosphere.  Modern computing techniques  are used t o  avoid  
approximations commonly used i n  e x i s t i n g  methods. Two a p p l i c a t i o n s  i n -  
vo lv ing  t h e  l5p bands of  C@ are  g iven ,  t he  f i rs t  t o  t h e  e a r t h ' s  mesosphere 
and lower thermosphere,  t a k i n g  v i b r a t i o n a l  r e l a x a t i o n  i n t o  account  and t h e  
second t o  t h e  Martian atmosphere, f o r  use i n  a simple atmospheric  c i r c u l a -  
t i o n  model, 
Although t h e  b a s i c  equat ions of  r a d i a t i v e  t r a n s f e r  i n  a plane p a r a l l e l  
atmosphere a r e  s i m p l e ,  t h e i r  s o l u t i o n  is a d i f f i c u l t  t a s k  because of  t h e  com- 
p l i c a t e d  na tu re  of  molecular abso rp t ion  s p e c t r a  and because p l a n e t a r y  atmos- 
pheres  a r e  inhomogeneous. I n  t h i s  s tudy  atmospheric r a d i a t i v e  f l u x e s  and 
f l u x  divergences a r e  ob ta ined  by d i r e c t  i n t e g r a t i o n  with r e s p e c t  t o  f requency 
a c r o s s  t h e  a b s o r p t i o n  bands, The atmosphere i s  d iv ided  i n t o  h o r i z o n t a l  l a y e r s  
which may be made a r b i t r a r i l y  t h i n .  The d i r e c t  i n t e g r a t i o n  method a l lows  t h e  
Curtis-Godson approximation t o  be a p p l i e d  over  success ive  t h i n  l a y e r s ,  r a t h e r  
t h a n  t h i c k  atmospheric  l a y e r s .  Band models a r e  not  used, b u t  i n s t e a d  t h e  ac -  
c u r a t e  c o n t r i b u t i o n  of  a l l  l i n e s  i n  t h e  abso rp t ion  band i s  c a l c u l a t e d  a t  each 
frequency quadra ture  p c i n t  Rather t h a n  us ing  a n  approximation d i f f u s i v i t y  
f a c t o r ,  angular  i n t e g r a t i o n  i s  performed e x a c t l y  and expressed i n  terms of 
exponen t i a l  i n t e g r a l s  Accurate f a s t  computing subrou t ines ,  u s ing  polynomial 
approximations were developed f o r  exponen t i a l  i n t e g r a l s  of  t h e  second, t h i r d ,  
and f o u r t h  o r d e r s  ~ Within each h o r i z o n t a l  atmospheric l a y e r  t h e  source  func-  
t i o n  i s  assumed t o  be l i n e a r  i n  p re s su re  This i s  shown t o  be more a c c u r a t e  
t h a n  t h e  assumption of isothermal  l a y e r s  and l e s s  problematic  t h a n  t h e  use  of 
h i g h  o rde r  polynomials To avoid numerical  d i f f i c u l t i e s  when t h e  atmospheric 
l a y e r s  a r e  t h i n ,  f l u x  divergences a r e  c a l c u l a t e d  d i r e c t l y ,  r a t h e r  t h a n  sub- 
t r a c t i n g  f l u x e s  a t  ad jacen t  l e v e l s .  
Long-wave r a d i a t i v e  t r a n s f e r  i n  t h e  e a r t h ' s  atmosphere between about 60 
and l o 0  km i s  dominated by the l 5 p  C02 bands. 
t i o n s  a r e  so lved  s e p a r a t e l y  t o  o b t a i n  source f u n c t i o n s  f o r  each of  t h e  bands 
i n  t h i s  s p e c t r a l  r eg ion  and hence o b t a i n  t h e i r  c o n t r i b u t i o n s  t o  t h e  t o t a l  
coo l ing  r a t e .  Values of  v i b r a t i o n a l  r e l a x a t i o n  t ime i n  t h e  range 2 x t o  
2 x 10-5 see  a t  1 atmosphere are used.  
model atmospheres.  I n  gene ra l  small amounts of  h e a t i n g  a r e  ob ta ined  near  t h e  
mesopause corresponding t o  d i s c o n t i n u i t i e s  i n  temperature  g r a d i e n t s  which 
c h a r a c t e r i z e  most models V ib ra t iona l  r e l a x a t i o n  a f f e c t s  t h e  c o o l i n g  rate 
above about 75 km, al though t h e  l e s s  abundant i s o t o p i c  molecules d e p a r t  from 
L,T,E.  near  60 km. Measured, as opposed t o  mean, temperature  soundings a l s o  
a r e  used t o  c a l c u l a t e  coo l ing  r a t e s .  These show t h a t  t h e  l o c a l  temperature  
s t r u c t u r e  l a r g e l y  determines the r a d i a t i v e  t r a n s f e r  and produces a predominance 
of  coo l ing ,  r a t h e r  than  hea t ing  near  t h e  mesopause, 
n i f i c a n t l y  g r e a t e r  t h a n  the  cooling c a l c u l a t e d  from t h e  mean p r o f i l e s ,  sugges t -  
The r a d i a t i v e  t r a n s f e r  equa- 
Ca lcu la t ions  a r e  desc r ibed  f o r  s e v e r a l  
The mean coo l ing  i s  s i g -  
i x  
i n g  the  presence of a mean h e a t  s i n k  f o r  t h i s  p a r t  of t h e  atmosphere,  i m -  
p o r t a n t  for energy ba lance  c o n s i d e r a t i o n s .  
D I n  the Mart ian atmosphere,  t he  l5p C@ bands must a l s o  dominate t h e  
long-wave r a d i a t i v e  t r a n s f e r .  Flux divergences  a r e  c a l c u l a t e d  f o r  a simple 
model atmosphere, assuming pure C02 and a s u r f a c e  p re s su re  of  6 mb. 
t h e  r e s u l t s  a r e  f o r  use i n  a g e n e r a l  c i r c u l a t i o n  model, t h e  coo l ing  r a t e s  
a r e  expressed as a s imple f u n c t i o n  of t h e  t e m p r a t u r e  p r o f i l e ,  so t h a t  r a p i d  
S ince  
I computations can be made. a r e  presented .  The coo l ing  r a t e s  f o r  s e v e r a l  temperature  p r o f i l e s  
X 
INTRODUCTION 
Although t h e  atmosphere, oceans and l and  masses of t h e  e a r t h  con- 
s t i t u t e  an  extremely complicated system f o r  t h e  t r a n s f e r  of energy,  t h e  
l o n g  t ime-sca l e s  of t e r r e s t r i 3 1  c l i m a t i c  changes imply t h a t  f o r  t h e  syskem 
viewed a s  a whole t h e r e  must be a c l o s e  ba lance  between t h e  s o l a r  energy - 
absorbed and t h e  long-wave r a d i a n t  energy l o s t  t 3  space .  
and dynamic processes  a r e  not  s epa ra t e ,  bu t  a r e  r e l a t e d  i n  a complex man- 
The r a d i a t i v e  
\ . -_-- - 
n e r .  For example, t h e  presence of  c louds a f f e c t s  t h e  amoilnt and d i s t r i b u -  
t i o n  of s o l a r  energy rece ived  and modif ies  t h e  out-going long-wave r a d i a -  
t i o n .  Some of t h e  main f e a t u r e s  of t h e  v e r t i c a l  a tmospheric  tempera ture  
p r o f i l e  can be accounted f o r  by r a d i a t i v e  processes ,  b u t  dynamic proces-  
ses e . g . ,  convect ion must be introduced t o  account f o r  o t h e r  f e a t u r e s .  
S i m i l a r  processes  occur i n  t h e  atmospheres-ther p l a n e t s .  I n  t h e  
--- -- 
Mart ian  atmosphere, r a d i a t i v e  processes  a r e  s impler ;  t h e  absence of oceans 
on t h e  s u r f a c e ,  t h e  v i r tua l .  absence of water vapor and ozone i n  t h e  a t -  
.- 
mosphere and t h e  r a . r i t y  of clouds provide a much l e s s  complica.ted envi ron-  
ment t h a n  t h a t  of t h e  e a r t h .  On t h e  o t h e r  hand, Venus i s  permanently 
shrouded i n  c louds of an unk.nown composition, making t h e  atmosphere t h e  
o b j e c t  of cons iderable  specu la t ion ,  and t h e  problem of r a d i a t i v e  t r a n s f e r  
unsolvable  a t  p re sen t  
I n  r e c e n t  yea r s ,  t h e  development of meteoro logica l  s a t e l l i t e s  has 
renewed i n t e r e s t  i n  atmospheric r a . d i a t i v e  processes .  By making s u i t a b l e  
1 
2 
measurements of t h e  outgoing  r a d i a t i o n  f i e l d ,  it i s  p o s s i b l e  t o  i n f e r  i n -  
format ion  on the v e r t i c a i  t empera ture  s t r u c t u r e  of t h e  atmosphere and on 
t h e  d i s t r i b u t i o n  of water vapor and ozone. A p o l a r  o r b i t i n g  s a t e l l i t e  
?an provide g loba l  coverage a t  r e g u l a r  i n t e r v a l s .  I n  o rde r  t o  e x t r a c t  
t h e  maximum amount of in format ion  from t h e  measurements, a d e t a i l e d  
a c c u r a t e  knowledge of atmospheric r a d i a t i v e  Grocesses i s  r e q u i r e d ,  s o  
t h a t  develoyment,s i n  t h i s  f i e l d  have l e d  t o  impor tan t  t ,heore t ica l .  ad- 
vances - 
P o s s i b l e  mod i f i ca t ion  of t h e  r a d i a t i v e  regime by a i r  p o i l u t i o n  i s  
of cons ide rab le  i n t e r e s t  and importance,  p a r t i c u l a r l y  t h a t  due t o  t h e  
s t eady  i n c r e a s e  i n  t h e  amount of carbon d iox ide  i n  t h e  atmosphere formed 
by t h e  combustion of f o s s i l  f u e l s .  The l o n g - t e r m  e f f e c t  of t h i s  i n c r e a s e  
i s  d i f f i c u l t  t o  gauge because of t h e  complicated i n t e r a c t i o n  of r a d i a t i v e  
and dynamic p rocesses ,  b u t  if t h e  n e t  r e s u l t  i s  t o  i n c r e a s e  t h e  s u r f a c e  
tempera ture  of t h e  e a r t h  by a s  l i t t l e  a s  1°C it might be s u f f i c i e n t  t o  
mel t  l a r g e  s m  , 1 s  ' i ce  3:iil cause f l o o d i n g  o ~ e r  low- ly ing  r eg ions  
of t h e  e a r t h  where much of t h e  popu la t ion  i s  concen t r a t ed .  
The development o f  e l e c t r o n i c  computers has  made p o s s i b l e  t h e  theo -  
r e t i c a l  s tudy  of t h e  genera l  c i r c u l a t i o n  of t h e  atmosphere b y  means of 
numerical  models and t h e  devel opment of numer ica l  weather p r e d i c t i o n ,  
I n  t h e s e  models r a d i a t , i v e  t r a n s f e r  i s  approximated i n  only a r a t h e r  crude 
manner. Refinements i n  t h i s  a r e a  a r e  e s s e n t i a l ,  p a r t i c u l a r l y  f o r  long-  
range f o r e c a s t i n g .  When t h e  r o l e  which r a d i a t i v e  t r a n s f e r  p l ays  i n  t h e  
g e n e r a l  c i r c u l a t i o n  i s  unders tood ,  problems such  a s  t h e  i n f l u e n c e  of t,he 
\ 
3 
carbon d iox ide  concentrat , ion i n  t h e  atmosphere w i l l  be s o l v a b l e .  
The mathematical  equa t ions  governing atmospheric long-wave r a d i a t i v e  
t r a n s f e r  a r e  comparative1.y s i m p l e  e However t h e  s t r u c t u r e  of atmospheric 
a b s o r p t i o n  bands i s  exceedingly  complicated and some a s p e c t s  such  a s  t h e  
shapes  of s p e c t r a l  a b s o r p t i o n  l i n e s  a r e  n o t  y e t  f u l l y  unders tood .  
v a r i a t i o n s  of tempera ture ,  p re s su re  and absorber  c o n c e n t r a t i o n  i n  t h e  
atmosphere combine t o  make t h e  s o l u t i o n  of t h e  t r a n s f e r  equa t ion  a t a s k  
of extreme d i f f i c u l t y .  Many approximations were in t roduced  b e f o r e  e l e c -  
t r o n i c  d i g i t a l  computers were a v a i l a b l e .  
The 
It i s  now p r a c t i c a b l e  t o  so lve  t h e  equa t ions  more p r e c i s e l y .  The 
purpose of t h i s  s tudy  is  t o  develop a numerical  method of s o l u t i o n  of t h e  
r a d i a t i v e  t r a n s f e r  equa t ions  with a s  few approximations a s  p o s s i b l e ,  u s ing  
modern komputing techniques .  D i rec t  i n t e g r a t i o n  w i t h  r e s p e c t  t o  f requency  
has  a l r e a d y  been app l i ed  t o  t h e  c a l c u l a t i o n  of atmospheric s l a n t  pa th  
t r a n s m i s s i v i t i e s .  I n  t h i s  study t h e  t echn ique  is  extended t o  t h e  c a l -  
c u l a t i o n  of r a d i a t i v e  f l u x e s  and flux d ivergences  and i s  shown t o  be 
f l e x i b l e  and a c c u r a t e .  
i,-l
L 
A c r i t i c a l  d i s c u s s i o n  o f  many e x i s t i n g  approximations i s  conta ined  
i n  Chapter 2, where t h e  method of s o l u t i o n  of t h e  equa t ions  of r a d i a t i v e  
t r a n s f e r  i s  developed. The r e s u l t s  a r e  app l i ed  t o  two a tmospher ic  
r a d i a t i v e  problems. Chapter 3 is  devoted t o  an a n a l y s i s  of t h e  r o l e  
of t h e  15 p bands of carbon d ioxide  i n  t h e  e a r t h ' s  upper atmosphere, 
i n c l u d i n g  t h e  d e v i a t i o n  from l o c a l  thermodynamic e q u i l i b r i u m .  
concludes t h e  s tudy  wi th  a r a d i a t i v e  t r a n s f e r  c a l c u l a t i o n  f o r  a p p l i c a t i o n  
t o  a Mar t ian  atmospheric c i r c u l a t i o n  model. 
Chapter 4 
CHAPTER 2 
TKE NUMERICAL EVALUATION OF THE EQUATIONS OF RADIATIVE TRANSFER 
2 -1 EQUATIONS OF RADIATIVE TRANSFER 
I n  d e r i v i n g  t h e  equa t ions  of r a d i a t i v e  t r a n s f e r  t h e  fo l lowing  assump- 
t i o n s  w i l l  be made. 
( a )  The atmosphere i s  p l a n e - p a r a l l e l  and h o r i z o n t a l l y  homogeneous. 
( b )  
( c )  
Atmospheric r e f r a c t i o n  can be n e g l e c t e d .  
S c a t t e r i n g  e f f e c t s  a t  t h e  wavelengths under c o n s i d e r a t i o n  may 
be neg lec t ed .  
( d )  The source f u n c t i o n  J (v ,T)  i s  i s o t r o p i c .  
The d i f f e r e n t i a l  equa t ion  may be w r i t t e n ,  a s  i n  Chandrasekhar 1960, 
P .  9, 
(2.1.1) 
where I ( v , T , ~ )  i s  t h e  s p e c i f i c  i n t e n s i t y  a t  f requency  v and z e n i t h  ang le  8 
c1 = cos  8 
r 
' I, 
U i s  t h e  o p t i c a l  mass of t h e  absorb ing  gas 
k., is t h e  abso rp t ion  c o e f f i c i e n t  
i s  t h e  o p t i c a l  t h i c k n e s s ,  de f ined  by d-r = kvdu 
i s  t h e  emiss ion  c o e f f i c i e n t  e v 
J ( v , T ) )  the  source  f u n c t i o n ,  i s  t h e  r a t i o  e,/k, 
For a gas i n  l o c a l  thermodynamic e q u i l i b r i u m ,  t h e  source  f u n c t i o n  i s  
e q u a l  t o  t h e  Planck black-body f u n c t i o n .  The form of t h e  source  f u n c t i o n  
4 
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f o r  r a d i a t i n g  gas  which i s  n o t  in l o c a l  thermodynamic e q u i l i b r i u m  w i l l  
be d i scussed  i n  a l a t e r  s e c t i o n .  
The u s u a l  convention w i l l  be fo l lowed h e r e ,  t h a t  T~ i s  z e r o  a t  t h e  
t o p  of t h e  atmosphere and inc reases  w i t h  i n c r e a s i n g  p r e s s u r e .  
A formal  s o l u t i o n  of Eq. ( 2 . 1 . 1 )  may be  found i n  any t e x t  on r a d i a -  
t i v e  t r a n s f e r  e .g . ,  Goody (1964). 
' (2 .1 .2)  
where Tb is t h e  va lue  of -i a t  the boundary. 
boundary i s  t h e  lower boundary of t h e  atmosphere ( t h e  p l a n e t a r y  s u r f a c e ) .  
It i s  convenient t o  assume t h a t  I (v ,Tb ,p )  i s  independent of py  a l though 
t h i s  assumption i s  n o t  s t r i c t l y  c o r r e c t .  I t s  a p p l i c a b i l i t y  depends on 
t h e  angu la r  d i s t r i b u t i o n  of s p e c i f i c  i n t e n s i t y  i n c i d e n t  upon t h e  s u r f a c e ,  
a s  w e l l  a s  i t s  d i f f u s e  r e f l e c t a n c e  p r o p e r t i e s ,  which may be complicated 
f u n c t i o n s  of t h e  inc idence  and r e f l e c t i o n  a n g l e s ,  and may va ry  a l s o  w i t h  
f r equency .  Adequate experimental  s t u d i e s  have n o t  been made, e i t h e r  f o r  
t h e  case  where t h e  lower boundary s u r f a c e  i s  a cloud l a y e r ,  o r  where it 
i s  t h e  ground, c o n s i s t i n g  of s o i l ,  b a r e  rock  and v e g e t a t i o n .  Except 
w i t h i n  t h e  p l a n e t a r y  boundary l a y e r ,  t h i s  assumption i s  probably not  
impor t an t .  It w i l l  a l s o  be Convenient t o  assume t h a t  I(VyTb) i s  g iven  
by t h e  b l a c k  body source  f u n c t i o n  B ( v , T g )  a t  frequency v and t h e  tempera- 
t u r e  Tg of t h e  s u r f a c e .  
t u r e  of t h e  atmosphere bounding t h e  s u r f a c e .  
For  va lues  of p > 0 t h i s  
Frequent ly  Tg w i l l  be t a k e n  equa l  t o  t h e  tempera- 
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For  p < 0 t h e  boundary i s  t h e  t o p  of t h e  atmosphere, and any r a d i a -  
t i o n  i n c i d e n t  upon it w i l l  be neg lec t ed ,  i . e . ,  
~(v,o,p) = 0 f o r  CL < 0 
With these  assumptions Eq. (2 .1 . .2)  may be r e w r i t t e n  
(2.1.313) 
The f lux  a c r o s s  any h o r i z o n t a l  s u r f a c e  a t  p re s su re  p i s  de f ined  by 
Now t h e  s p e c i f i c  i n t e n s i t y  I, i s  independent of t h e  azimuth ang le  8, s o  
t h a t  t h e  equat ion  may immediately be reduced t o  a double i n t e g r a l  
(2.1.4) 
To o b t a i n  t h e  rate of loss of energy a t  any p o i n t ,  t h e  f lux d ivergence  
must be eva lua ted  
- -  p dI dp dv 
-1 dp 
dF - 2n /, 
dP 
S u b s t i t u t i o n  of Eq.  (2 .1 .1)  enab le s  t h e  f l u x  d ivergence  t o  be w r i t -  
t e n  i n  t h e  form 
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If the source  f u n c t i o n  J ( v , T )  i s  known a t  eve ry  l e v e l  i n  t h e  atmosphere, 
t h e  f l u x  d ivergence  can be found, i n  t h e o r y  a t  l e a s t , b y  s u b s t i t u t i n g  t h e  
v a l u e s  of I ( v , T , p )  eva lua ted  from Eqs.  ( 2 . l . 3 a )  and ( 2 . 1 . 3 b )  i n t o  E q .  
( 2 . 1 . 6 )  and i n t e g r a t i n g  over p and v .  
compl ica ted ,  s i n c e  kv i s  a r a p i d l y  va ry ing  f u n c t i o n  of frequency, and is  
a l s o  p re s su re  and tempera ture  s e n s i t i v e .  Much e f f o r t  has been devoted 
t o  t h e  i n v e s t i g a t i o n  of approximations which enab le  Eq. (2 .1 .6 )  t o  be 
e v a l u a t e d  whi le  ma in ta in ing  a high degree  of accu racy .  
I n  p r a c t i c e  t h i s  procedure is very  
Equation ( 2 . 1 . 6 )  g ives  t h e  f l u x  d ivergence  a t  a s i n g l e  l e v e l  i n  t h e  
atmosphere.  I n  atmospheric energy ba lance  s t u d i e s  it is f r e q u e n t l y  important 
t o  know t h e  r a t e  of loss of energy averaged over a l a y e r ,  r a t h e r  t h a n  t h e  
f l u x  d ivergence  a t  a p o i n t .  The average  va lue  may be found by e v a l u a t i n g  
Eq. ( 2 . 1 . 4 )  a t  t h e  boundar ies  of t h e  l a y e r ,  and s u b t r a c t i n g  t h e  f l u x e s .  
T h i s  f i n i t e  d i f f e r e n c e  method is made d i f f i c u l t  by t h e  f a c t  t h a t  a t  low 
p r e s s u r e s  s m a l l  d i f f e r e n c e s  i n  f l u x  a t  a d j a c e n t  l e v e l s  can r e s u l t  i n  l a r g e  
c o o l i n g  r a t e s ;  it i s  e s s e n t i a l  t o  ensu re  t h a t  t h e  no i se  in t roduced  by t h e  
numer ica l  p rocesses  used i n  t h e  c a l c u l a t i o n s  does no t  mask t h e  t r u e  f l u x  
d i f f e r e n c e .  
I n  s p i t e  of t h e s e  d i f f i c u l t i e s  t h e  l a s t  method is  t h e  one employed 
i n  t h i s  s tudy ,  w i th  s u i t a b l e  p recau t ions  t o  ensure  t h e  suppres s ion  of such 
n o i s e .  
t h e  r a d i a t i v e  t r a n s f e r  process  and w i l l  b e  r e f e r r e d  t o  f r e q u e n t l y .  
However, Eq. ( 2 . 1 . 6 )  provides a va luab le  p h y s i c a l  i n s i g h t  i n t o  
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2 . 2  THE EVALUATION OF THE EQUATIONS OF TRANSFER 
To e v a l u a t e  t h e  f l u x  F ( p )  a t  t h e  p re s su re  l e v e l  p, t h e  va lues  of I, 
a r e  s u b s i t u t e d  from Eqs. ( 2 . l . 3 a )  and ( 2 . l . 3 b )  
A t  t h i s  po in t  t h e  fo rmula t ion  can be s i m p l i f i e d  by t h e  i n t r o d u c t i o n  of 
t h e  exponen t i a l  i n t e g r a l  En(x) de f ined  by 
( 2 . 2 . 2 )  1 -x/V n-1 dp  p - n = 0,1 ,2  ..., x - > 0 
En(") = Io e P 
The exponen t i a l  i n t e g r a l s  have a number of u s e f u l  p r o p e r t i e s  which a r e  
r e a d i l y  proved. I n  p a r t i c u l a r  t h e  fo l lowing  w i l l  b e  employed 
- -  - -Enel(x) n = 1,2  ..., x 2 0 dEn(x) 
dx 
( 2 . 2 . 3 a )  
1 En+l(x) = - n [e-X-xEn(x)] n = O , l ,  ..., x 2 0 
( 2 . 2 . 3 b )  
F ( p )  can t h e n  be expressed  a s  
F( p )  = ~ I T J , ( B (  v,Tg)E3( Tg-T)-J:J( v , t ) E 2 (  T-t)dt+.f=gJ( v , t ) E 2 (  t - 7 ) d t ) d v  
The i n t e g r a l  w i th  r e s p e c t  t o  t may be t ransformed by i n t e g r a t i o n  by 
p a r t s  u s i n g  r e l a t i o n  ( 2 . 2 . 3 a ) ,  y i e l d i n g  
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(2.2.4) 
The expres s ion  f o r  t h e  f l u x  divergence may be t r e a t e d  i n  a s i m i l a r  way. 
S u b s t i t u t i n g  E q s .  ( 2 . l . 3 a )  and ( 2 . l . 3 b )  i n t o  Eq. (2.1.61, and i n t e g r a t i n g  
by p a r t s  
The l a s t  two equa t ions  involve  th ree  i n t e g r a t i o n s ,  over f requency ,  over 
h e i g h t ,  and over z e n i t h  angle  ( t h e  l a t t e r  be ing  expressed  a s  t h e  e x p o n e n t i a l  
i n t e g r a l ) .  Each of t h e  i n t e g r a t i o n s  p r e s e n t s  some d i f f i c u l t y .  Before  
d i s c u s s i n g  techniques  f o r  performing t h e  i n t e g r a t i o n s ,  it is of i n t e r e s t  
t o  examine t h e  problem of c a l c u l a t i n g  atmospheric t r a n s m i s s i v i t i e s  , and 
t h e  form of t h e  a b s o r p t i o n  c o e f f i c i e n t  k,. 
2.3 ATMOSPHERIC TRANSMISSIVITIES 
The c a l c u l a t i o n  of t r a n s m i s s i v i t i e s  a long  an atmospheric s l a n t  pa th  
i s  a complicated problem. 
p e r a t u r e ,  p re s su re  and concen t r a t ion  of t h e  abso rb ing  gas may vary  a long  
t h e  p a t h .  Even i n  t h e  absence of such v a r i a t i o n s ,  i . e . ,  f o r  homogeneous 
a b s o r p t i o n  pa ths ,  t h e  d i f f i c u l t i e s  a r e  s u f f i c i e n t l y  g r e a t  t o  have mer i ted  
a l a r g e  number of b o t h  exper imenta l  and t h e o r e t i c a l  i n v e s t i g a t i o n s  du r ing  
t h e  l a s t  twenty y e a r s .  
ous pa th  a b s o r p t i o n  has l e d  t o  non-homogeneous pa th  abso rp t ion  b e i n g  ex- 
P a r t  of t h e  complexity a r i s e s  because t h e  tem- 
However, t h e  comparative s i m p l i c i t y  of t h e  homogen- 
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pressed  i n  an approximate way i n  terms of an  ' e q u i v a l e n t '  
p a t h .  Furthermore,  homogeneous pa th  t h e o r e t i c a l  c a l c u l a t i o n s  can e a s i l y  
be compared w i t h  exper imenta l  l a b o r a t o r y  a b s o r p t i o n  measurements. Thus, 
it i s  of cons iderable  i n t e r e s t  t o  examine t h e  s imple r  ca.se i n  d e t a i l .  
homogeneous 
2 .3 .1  Homogeneous Pa th  Absorpt ion 
The r e s u l t s  of exper imenta l  de t e rmina t ions  of  abso rp t ion  a r e  used 
i n  a l l  methods of c a l c u l a t i n g  t r a n s m i s s i v i t i e s .  The exper imenta l  v a l u e s  
may be used d i r e c t l y  i f  measurements have been made over a wide range of 
p re s su re ,  o p t i c a l  mass and tempera ture ,  and i n t e r p o l a t e d  f o r  t h e  a c t u a l  
cond i t ions  r e q u i r e d .  However, t h e  method has some s e r i o u s  l i m i t a t i o n s .  
Accurate  abso rp t ion  measurements a r e  d i f f i c u l t  t o  make a t  low p res su re  
and f o r  sho r t  pa ths  where t h e  t r a n s m i s s i v i t y  i s  nea r  u n i t y .  Few d a t a  
a r e  a v a i l a b l e  a t  t empera tures  below those  normally encountered i n  t h e  
l a b o r a t o r y ,  such a s  a r e  found i n  t h e  e a r t h ' s  mesosphere,  f o r  example. 
I n  a d d i t i o n ,  very  long  pa ths ,  important  f o r  s p e c t r a l  r eg ions  where t h e  
a b s o r p t i o n  is  weak, a r e  impossible  t o  s imula t e  i n  t h e  l a b o r a t o r y ,  f r e -  
quent ly  lead ing  t o  e x t r a p o l a t i o n ,  r a t h e r  t h a n  i n t e r p o l a t i o n .  
A t y p i c a l  i n f r a r e d  a b s o r p t i o n  band c o n s i s t s  of a l a r g e  number of 
i n d i v i d u a l  abso rp t ion  l i n e s ,  many of which may be r e so lved  exper imenta l ly  
under s u i t a b l e  phys i ca l  c o n d i t i o n s .  The f requency  a t  t h e  c e n t e r s  of t h e s e  
l i n e s  may be measured q u i t e  a c c u r a t e l y ,  o r  c a l c u l a t e d  t h e o r e t i c a l l y  once 
t h e  va lues  of t h e  r e l e v a n t  parameters  have been expe r imen ta l ly  determined 
(Her tzberg  1945). If t h e  i n t e n s i t y  of each  l i n e  can be  a c c u r a t t l y  measured, 
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and t h e  l i n e  sha-pe and half-width a r e  adequate ly  known, it is  p o s s i b l e  
t o  c a l c u l a t e  t h e  t r a n s m i s s i v i t y  7, a t  any frequency v by t h e  r e l a t i o n  
I n  gene ra l ,  T, w i l l  be  equal  t o  t h e  sum of o p t i c a l  t h i c k n e s s e s  of 
t h e  d i f f e r e n t  absorb ing  gases .  Where t h e r e  i s  only one absorb ing  gas  
where kv  i s  t h e  abso rp t ion  c o e f f i c i e n t  and u t h e  o p t i c a l  mass of t h e  
abso rp t ion  pa th .  k, i s  t h e  sum of t h e  abso rp t ion  c o e f f i c i e n t s  of a l l  t h e  
s p e c t r a l  l i n e s  : 
‘ I  
! 
~S 
I 
‘ I  
I 
The abso rp t ion  c o e f f i c i e n t  of the i t h  l i n e ,  c e n t e r  vi  i s  g iven  by 
where S i  i s  t h e  i n t e n s i t y  of t h e  i t h  l i n e ,  and b i  is a l i n e  shape f a c t o r  
f o r  t h e  i t h  l i n e ,  normalized s o  t h a t  
1; bi(vi ,v)  dv = 1 
There a r e  two c l a s s i c a l  l i n e  shapes which may be regarded a s  l i m i t -  
i ng  c a s e s  i n  t h e  s p e c t r a l  region and under t h e  p h y s i c a l  cond i t ions  t h a t  
a r e  considered h e r e .  
( a )  Lorentz l i n e  shape,  v a l i d  when t h e  l i n e  broadening i s  due t o  
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molecular  c o l l i s i o n s  of t h e  e x c i t e d  molecules ,  t h u s  p e r t u r b i n g  t h e  energy 
l e v e l .  I n  t h i s  case  
ai i s  t h e  Lorentz ha l f -wid th  ( i  . e . ,  t h e  ha l f -wid th  a t  h a l f  maximum). 
( b )  Doppler l i n e  shape,  caused by t h e  Doppler s h i f t  due t o  t h e  t h e r -  
mal motion of t h e  molecules .  
ko exp(-x2) 
where 
and 
N a t u r a l  broadening has a ha l f -wid th  CIN de f ined  by 
CiD i s  the Doppler ha l f -wid th  
where 
c i s  t h e  v e l o c i t y  of  l i g h t  i n  vacuum 
and 
8 i s  t h e  r a d i a t i v e  l i f e - t i m e  of t h e  e x c i t e d  s t a t e  
I n  all cases  the  n a t u r a l  half-width i s  much sma l l e r  t h a n  t h e  Dopplcr h a l f -  
width  and, excep t  a t  ex t remely  low p r e s s u r e s ,  much less  t h a n  t h e  Lorentz 
ha l f -wid th  and can be neg lec t ed .  
The Lorentz ha l f -wid th  a~ is dependent on tempera ture  and p res su re ;  
f o r  most gases  t h e  r e l a t i o n  may be expressed  by 
aL = a ,  
where aL i s  t h e  ha l f -wid th  a t  temperature T and p res su re  p and a,  i s  t h e  
ha l f -wid th  a t  t empera ture  To  and p r e s s u r e  po. 
does no t  normally have t h e  same va lue  f o r  a l l  l i n e s  i n  a n  a b s o r p t i o n  band: 
On t h e  o t h e r  hand, a~ is g iven  by 
It should be noted t h a t  a ,  
where k i s  t h e  Boltzmann cons tan t  and M i s  t h e  molecular we igh t .  Thus 
aD v a r i e s  only s lowly  from l i n e  t o  l i n e  a c r o s s  an  a b s o r p t i o n  band. 
Over a wide range of atmospheric p re s su res  it i s  found t h a t  b o t h  t h e  
Doppler and Lorentz broadening a r e  impor t an t .  The c o r r e c t  l i n e  shape f o r  
t h e  mixed Doppler-Lorentz broadening is  g iven  by a- convolu t ion  of t h e  l i n e  
shapes .  
00 - t 2  - koy 
IT -00 y2+(x - t )2  
b(v0,-s) - -! d t  
1- - _  00 -+2 
=
where 
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The r e s u l t i n g  i n t e g r a l  cannot be eva lua ted  a n a l y t i c a l l y ,  b u t  a number of 
numer ica l  methods have been developed. The method adopted here  i s  t h a t  
of Young (1965)) wi th  two mod i f i ca t ions  (Drayson and Young, 1966) . 
(i) The range of Hermite-Gauss quadra ture  was extended t o  t h e  r e g i o n  
(ii) 4-point Hermite-Gauss quadra tu re  was used over t h i s  e n t i r e  
r e g i o n .  
Although the  Lorentz l i n e  shape g ives  a good approximation when t h e  
broadening  process  i s  due t o  molecular c o l l i s i o n s ,  impor tan t  d e v i a t i o n s  
have been observed f o r  a number of molecules .  
(1964) have shown t h a t  beyond about 5 cm-l from t h e  l i n e  c e n t e r  t h e  absorp- 
t i o n  c o e f f i c i e n t s  f o r  l i n e s  i n  t h e  4.3 p CO;! band a r e  l e s s  t h a n  t h o s e  pre-  
d i c t e d  by t h e  Lorentz l i n e  shape .  The d e v i a t i o n s  a r e  dependent on t h e  
For  i n s t a n c e ,  Winters -- e t  a l . ,  
broedening g a s ,  be ing  l e s s  pronounced f o r  n i t rogenbroadened  CO2 t h a n  f o r  
pure C O 2 .  
measurements i n  o t h e r  C02 a b s o r p t i o n  bands,  where q u a l i t a t i v e l y  t h e  same 
phenomena were observed, b u t  w i t h  d i f f e r e n t  magnitude of d e v i a t i o n .  These 
a b s o r p t i o n  measurements have been made i n  r eg ions  f r e e  from s t r o n g  l i n e s ,  
where t h e  abso rp t ion  i s  due t o  t h e  wings of s t r o n g  l i n e s  s i t u a t e d  a f e w  
wavenumbers away. The a b s o r p t i o n  c o e f f i c i e n t  under t h e s e  c o n d i t i o n s  changes 
only slowly wi th  f requency ,  s o  t h a t  t h e  i n s t r u m e n t a l  response  f u n c t i o n  does 
not apprec i ab ly  d i s t o r t  t h e  a b s o r p t i o n  cu rve .  
Burch -- e t  a l . ,  (1965) have v e r i f i e d  t h e s e  r e s u l t s  and made s i m i l a r  
It i s  more d i f f i c u l t  t o  examine t h e  shape nea r  t h e  l i n e  c e n t e r ,  s i n c e  
t h e  b e s t  spec t rometers  have a r e s o l u t i o n  i n  t h e  i n f r a r e d  comparable t o  
t h e  Lorentz half-width a t  about  1 atmosphere. Rais ing  t h e  pressure  much 
h igher  t h a n  t h i s  causes  t h e  l i n e s  t o  o v e r l a p  a p p r e c i a b l y  i n  most absorp- 
t i o n  s p e c t r a .  However, it i s  not unreasonable t o  expec t  d e v i a t i o n s  c l o s e r  
t o  t h e  l i n e  c e n t e r .  
t h i s  t o  be t r u e  f o r  CO2 by comparing t h e  a b s o r p t i o n  of  t h e  self-broadened 
and nitrogen-broadened g a s .  Burch e t  a 1  ., found t h a t  t h e  l i n e  shapes 
of t h e  two samples were d i f f e r e n t ,  implying t h a t  one a t  l e a s t  i s  non- 
Lorentz ian .  I n v e s t i g a t i o n s  using a l a s e r  a s  an e s s e n t i a l l y  monochromatic 
source  may be a b l e  t o  y i e l d  information on l i n e  ha l f -wid th  and shape. 
Indeed, Burch e t  a l .  , (1965) have i n d i r e c t l y  shown --
--
I n  a r e c e n t  r e p o r t ,  Ray e t  a l . ,  (1966) have advanced t h e  idea  t h a t  -- 
t h e  non-Lorentzian e f f e c t s  may, i n  p a r t  a t  l e a s t ,  be  due t o  t h e  geometry 
of t h e  a b s o r p t i o n  c e l l ,  a n  e f f e c t  t n a t  would no t  be present  i n  a r e a l  
a tmospheric  s l a n t  p a t h .  
I n  t h i s  s tudy  t h e  Lorentz l i n e  shape i s  assumed t o  be completely 
v a l i d .  A t  t h e  p r e s e n t  t i m e  t h e  d e v i a t i o n s  a r e  n e i t h e r  s u f f i c i e n t l y  under- 
s tood  on t h e o r e t i c a l  grounds, nor adequately measured exper imenta l ly ,  p a r t i -  
c u l a r l y  a t  low c o n c e n t r a t i o n s  such a s  t h e  carbon d ioxide  mixing r a t i o  i n  
t h e  e a r t h ' s  atmosphere, t o  warrant modi f ica t ion  of t h e  l i n e  shape.  T h i s  
i s  n o t  a l i m i t a t i o n  of t h e  methods developed and d e s c r i b e d  here,  s i n c e  
any l i n e  shape can e a s i l y  be incorporated i n t o  t h e  c a l c u l a t i o n s .  I n  most 
c a s e s  t h e  e f f e c t  of d e v i a t i o n s  from t h e  Lorentz l i n e  shape on t h e  r a d i a -  
t i v e  c o o l i n g  r a t e s  i s  probably sma l l .  
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It w i l l  now b e  assumed t h a t  t h e  l i n e  shapes and ha l f -wid ths  a r e  
adequately known, and t h a t  t h e  l i n e  i n t e n s i t i e s  have a l s o  been p r e c i s e l y  
determined.  Using Eq. (2.3.1), it i s  poss ib l e  t o  c a l c u l a t e  t h e  t r a n s -  
m i s s i v i t y  7, a t  any d e s i r e d  frequency v .  I n  p r a c t i c e ,  however, it i s  us-  
u a l l y  d e s i r a b l e  t o  c a l c u l a t e  t h e  average va lue  of y, over  some f i n i t e  f r e -  
quency i n t e r v a l  Av. 
- 1 
Y = iAV Yv dv (2.3.10) 
The i n t e r v a l  Av may c o n t a i n  a l a r g e  number of abso rp t ion  l i n e s ,  and t h e r e  
may be many more l i n e s  o u t s i d e  t h e  i n t e r v a l  which c o n t r i b u t e  t o  t h e  absorp-  
t i o n  w i t h i n  t h e  i n t e r v a l .  
of v whose value i s  a complicated f u n c t i o n  dependent on t h e  p o s i t i o n ,  i n -  
t e n s i t y  and l i n e  shape of many i n d i v i d u a l  abso rp t ion  l i n e s .  To overcome 
some of t h e s e  d i f f i c u l t i e s  t h e  concept of t h e  band model was in t roduced .  
Band models approximate t h e  a c t u a l  d i s t r i b u t i o n  of l i n e  p o s i t i o n s  and i n -  
t e n s i t i e s  i n  such a way t h a t  a s o l u t i o n  of i n t e g r a l  (2.3.10) may be more 
e a s i l y  obtained,  t h e  s o l u t i o n  o f t e n  be ing  expressed  i n  terms of a n a l y t i c  
of semi-analyt ic  f u n c t i o n s .  
Thus y, may be a r a p i d l y  f l u c t u a t i n g  f u n c t i o n  
The s implest  ca se ,  a s i n g l e  i s o l a t e d  l i n e  w i t h  t h e  Lorentz  shape,  
The r e s u l t  can be extended was solved by Ladenberg and Reiche (1913). 
t o  any number of l i n e s ,  provided t h a t  t h e y  do not  ove r l ap .  The Regular 
o r  E l s a s s e r  band ( E l s a s s e r ,  1938) a p p l i e s  t o  an  i n f i n i t e  a r r a y  of Lorentz ian  
l i n e s  of equa l  ha l f -wid th  and i n t e n s i t y ,  e q u a l l y  spaced .  It s imula t e s  
q u i t e  w e l l  t h e  cond i t ions  encountered i n  t h e  P and R branches of c e r t a i n  
bands e . g . ,  t h e  fundamental i n  
g e n e r a l i z e d  t o  inc lude  a random 
i n  t h e  Random E l s a s s e r  model. 
the 15 p C02 bands .  
s u p e r p o s i t i o n  of d i f f e r e n t  E l s a s s e r  bands 
T h i s  model has been 
The E l s a s s e r  band and i t s  d e r i v a t i v e s  a r e  u s e f u l  f o r  some molecular 
a b s o r p t i o n  bands, b u t  f o r  o the r s  such  a s  water vapor and ozone t h e r e  i s  
l i t t l e  sugges t ion  of r e g u l a r i t y .  The l a c k  of r e g u l a r i t y  prompted t h e  
development of t h e  S t a t i s t i c a l .  o r  Random model, sugges ted  independently 
by Goody (1952) and Mayer (1947).  
l i n e s  i s  de f ined  by p r o b a b i l i t y  f u n c t i o n s  which may be v a r i e d  t o  s u i t  t h e  
a c t u a l  d i s t r i b u t i o n s .  
The d i s t r i b u t i o n  and i n t e n s i t y  of t h e  
I n  a d d i t i o n  t o  t h e s e  important band models, numerous o t h e r  models 
a r e  s c a t t e r e d  throughout  t h e  r a d i a t i v e  t r a n s f e r  l i t e r a t u r e ,  most b e i n g  
mod i f i ca t ions  o r  re f inements  of t h o s e  desc r ibed  above. Band models have 
played an  extremely important, r o l e  i n  unders tanding  r a d i a t i v e  t r a n s f e r  
processes  i n  t h e  at.mosphere, t ransforming  what would o therwise  have been 
a problem of impossible complexity i n t o  one of manageable p r o p o r t i o n s .  
But it is  important t o  r e a l i z e  t h a t  band models do have l i m i t a t i o n s  and 
t h a t  a l t e r n a t i v e  procedures a re  now a v a i l a b l e .  The l i m i t a t i o n s  inc lude  
t h e  fo l lowing :  
( i )  The s p e c t r a l  r e s o l u t i o n  of t h e  t r a n s m i t t a n c e s  i s  f i n i t e :  f o r  
t h e  E l s a s s e r  model it i s  a mul t ip l e  of t h e  l i n e  spac ings ,  wh i l e  t h e  s t a -  
t i s t i c a l  model must use an  averaging i n t e r v a l  s u f f i c i e n t l y  l a r g e  t o  ensure  
t h a t  t h e  t r u e  d i s t r i b u t i o n  of t h e  l i n e s  i s  adequa te ly  s imula ted  by t h e  
s t a t i s t i c a l  d i s t r i b u t i o n .  The f i n i t e  r e s o l u t i o n  in t roduces  f u r t h e r  compli- 
c a t i o n s  f o r  atmospheric s l a n t  p a t h s .  
( i i)  Many band models do no t  a l low f o r  a c c u r a t e  c o n t r i b u t i o n s  of 
t h e  wings of l i n e s  l y i n g  o u t s i d e  t h e  s p e c t r a l  r e g i o n  under c o n s i d e r a t i o n .  
(iii) The a c t u a l  d i s t r i b u t i o n  of l i n e s  can only be approximated by 
t h e  band models. I n  some r e g i o n s ,  e . g . ,  nea r  &-branches,  it i s  ex t remely  
d i f f i c u l t ,  if not imposs ib le ,  t o  a c c u r a t e l y  account f o r  t h e  complex d i s -  
t r i b u t i o n  of l i n e s .  The development of t h e  Q u a s i - S t a t i s t i c a l  o r  Quas i -  
Random model by Kaplan (1953) and Wyatt I- e t  a1 . , (1962) has  done much t o  
overcome t h e s e  o b j e c t i o n s  * The r e s o l u t i o n  of t h e  t r a n s m i t t a n c e s  can be 
m a d e a r b i t v a r i l y s m a l l ,  t h e  wings a r e  a c c u r a t e l y  allowed f o r  and t h e  a c t u a l  
d i s t r i b u t i o n  of Lines  can be approached f o r  s u f f i c i e n t l y  sma l l  averaging  
i n t e r v a l .  It shares  one problem wi th  t h e  o t h e r  models: 
( i v )  When t h e  models p e r m i t  a c c u r a t e  c a l c u l a t i o n  of t h e  a b s o r p t i o n  
due t o  a r e a l  abso rp t ion  band, t h e  complexity and l e n g t h  of c a l c u l a t i o n  
i s  cons ide rab le ,  even f o r  t h e  Lorentz l i n e  shape .  For  o t h e r  l i n e  shapes 
inc lud ing  t h e  mixed Doppler-Lorentz l i n e  shape, t h e  complex i t i e s  a r e  even 
g r e a t e r .  
Extens ive  t a b l e s  u s i n g  t h e  Quasi-Random model have been prepared 
(StuL1 -- e t  a l . ,  1963). I n  an  e f f o r t  t o  reduce computing t ime a n  averaging  
i n t e r v a l  of 6 = 5 ern-' was used; t h i s  v i o l a t e s  a b a s i c  requirement of t h e  
model, t h a t  Fj should b e  s u f f i c i e n t l y  sma l l  t o  a l low t h e  l i n e s  w i t h i n  each  
& - i n t e r v a l  t o  be assumed randomly d i s t r i b u t e d .  
v i o l a t i o n  r e s u l t e d  i n  t h e  &-branches  be ing  cons ide rab ly  enhanced, over- 
e s t i m a t i n g  t h e  t o t a l  a b s o r p t i o n  apprec iab ly  (Drayson 1964) . 
I n  t h e  15 p C02 bands t h i s  
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Modern computing techniques  have made p o s s i b l e  an  a l t e r n a t i v e  s imple r  
approach, u s i n g  d i r e c t  numerical  i n t e g r a t i o n  of Eq. (2 .3 .1) .  A t  each  f re -  ’ 
t quency quadra tu re  po in t  t h e  c o n t r i b u t i o n  from a l l  l i n e s  i s  eva lua ted  ac -  
c u r a t e l y .  The numerical  accuracy of t h e  c a l c u l a t i o n s  can be inc reased  
by making t h e  quadra ture  i n t e r v a l s  s u f f i c i e n t l y  sma l l ,  e s p e c i a l l y  i n  t h e  
neighborhood of l i n e  c e n t e r s .  Five s i g n i f i c a n t  f i g u r e s  a r e  e a s i l y  achieved .  
Computation t ime can be reduced by c a r e f u l  programing and t h e  use  of i n t e r -  
p o l a t i v e  procedures f o r  more d i s t a n t  l i n e s  (Drayson & Young 1966). 
Th i s  method of d i r e c t  i n t e g r a t i o n  was f i r s t  employed over a l i m i t e d  
range  i n  t h e  9.6 CI ozone bands by H i t c h f e l d  and Houghton, (1961) and 
has s i n c e  been employed by a number of a u t h o r s  i n  s t u d i e s  of s e v e r a l  molecu- 
l a r  a b s o r p t i o n  bands.  The advantages of t h e s e  methods a r e :  
( i )  The r e s o l u t i o n  i s  not l i m i t e d ;  t h e  t r a n s m i s s i v i t i e s  may be 
weighted by an in s t rumen ta l  response f u n c t i o n  and compared wi th  h igh  r e s o l u -  
t i o n  exper imenta l  s p e c t r a .  
( ii) There i s  cons iderably  more f l e x i b i l i t y  i n  t h e  c a l c u l a t i o n s ,  
e s p e c i a l l y  when extended t o  non-homogeneous pa ths  a s  i n  Sec t ion  (2 .3 .2)  . 
The a c t u a l  d i s t r i b u t i o n  of l i n e  p o s i t i o n s  and i n t e n s i t i e s  i s  (iii) 
used and a l l  c o n t r i b u t i o n s  from t h e  wings of d i s t a n t  l i n e s  a r e  a c c u r a t e l y  
inc luded .  
Comparisons between t h e o r e t i c a l  c a l c u l a t i o n s  us ing  d i r e c t  i n t e g r a t i o n  2 
t echn iques  and exper imenta l  l abo ra to ry  da t a  do no t  always show good agree-  , 
ment. Indeed, t h e  a p p l i c a t i o n  of t h e s e  t echn iques  has shown t h a t  p rev ious ly  
accepted  va lues  of band parameters a r e  cons iderably  i n  e r r o r .  P a r t  of t h e  
discrepancy  i s  due t o  exper imenta l  e r r o r ,  b u t  t h i s  i s  prc-ably much sma L- 
t'r than  t h e  e r r o r  in t roduced  i n  a t t empt ing  t o  deduce t h e  parameters  f rom 
t h e  measurements. Measurements on t h e  same band by d i f f e r e n t  exper imenters  
produce widely d i f f e r i n g  e s t i m a t e s ,  o f t e n  wi th  mutual ly  i n c o n s i s t e n t  e r r o r  
estimates, as i n  f o r  example, Drayson and Young (1966). 
need f o r  accu ra t e ,  wel l -des igned  exper iments ,  coupled wi th  a c a r e f u l  
a n a l y s i s  t o  y i e l d  t h e  d e s i r e d  Sand parameters .  
There i s  a c l e a r  
2.3.2 Atmospheric S l a n t  Path Absorpt ion 
Ca lcu la t ions  of abso rp t ion  over a tmospheric  s l a n t  paths  a r e  more 
complicated than  t h e  case  d i scussed  above, because of v a r i a t i o n s  i n  t h e  
p re s su re ,  temperature  and absorber  c o n c e n t r a t i o n .  Eq. (2 .3 .2)  must now 
be genera l ized  t o  t h e  form: 
T,, = s kv du 
U (2.3.11) 
t h e  i n t e g r a l  be ing  t aken  a long  t h e  abso rp t ion  pa th .  V a r i a t i o n s  i n  t h e  
t h r e e  parameters a f f e c t  t h e  i n t e g r a l  i n  t h e  fo l lowing  ways: 
( a )  The Lorentz  ha l f -wid th  v a r i e s  d i r e c t l y  w i t h  p re s su re  and i n -  
v e r s e l y  wi th  t h e  square r o o t  of tempera ture .  I t  i s  a l s o  a f u n c t i o n  of 
absorber  concen t r a t ion .  
( b )  The Doppler ha l f -wid th  v a r i e s  d i r e c t l y  wi th  t h e  square  r o o t  
of tempera ture .  
( c )  The l i n e  i n t e n s i t i e s  a r e  complicated f u n c t i o n s  of t empera tu re .  
Typ ica l ly  t h e  i n t e n s i t i e s  of very  s t r o n g  l i n e s d e c r e a s e  s lowly w i t h  ' i nc reas ing  
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t a m n  LL,Arerature. Lines be longing  t o  weak bands i n c r e a s e  i n  i n t e n s i t y  very 
1 
I 
8 
1 
1 
I 
r a p i d l y  w i t h  i n c r e a s i n g  temperature,  a s  much a s  an  o r d e r  of magnitude f o r  
a 25'K tempera ture  r i s e ,  which has prompted t h e  use  of t h e  term ' h o t  band' 
t o  d e s c r i b e  them. 
Genera l ly ,  t h e  p r a c t i c a l  problem of c a l c u l a t i n g  s l a n t  pa th  a b s o r p t i o n  
has  been r e s t r i c t e d  t o  average  values of t h e  t r a n s m i s s i v i t y  7, def ined  i n  
Eq. ( 2 . 3 * 1 0 ) .  
importance i s  t h e  Curtis-Godson approximation ( C u r t i s ,  1952 and Godson 
1553). and 
O f  t h e  s e v e r a l  methods sugges ted ,  t h e  one of most p r a c t i c a l  
T h i s  method seeks  t o  f ind  a mean p res su re  5, tempera ture  
a o p t i c a l  mass U such t h a t  t h e  t r ansmiss ion  i s  approximated by a homogeneous 
a b s o r p t i o n  pa th  wi th  t h e s e  t h r e e  p h y s i c a l  parameters .  
f o r  p, 
The expres s ions  
and T i  a r e  r e q u i r e d  t o  s a t i s f y  t h e  c r i t e r i o n  t h a t  t h e  l i m i t i n g  
c a s e s  of wea.k l i n e  and s t r o n g  l i n e  a b s o r p t i o n  s h a l l  be a . ccu ra t e ly  r ep re -  
s e n t e d .  
The expres s ions  f o r  E and B a r e  s i m p l e s t  when t h e  tempera ture  i s  con- 
s t a n t  a long  t h e  a b s o r p t i o n  path,  and has been most thoroughly  i n v e s t i g a t e d  
t o  t es t  i t s  accuracy .  Under these  cond i t ions  
- iu P du 
P =  
I, du 
u = iu du 
(2 .3 .12a )  
(2.3.1213) 
The e r r o r s  i n  t h e  approximation have been i n v e s t i g a t e d  f o r  a s i n g l e  
i s o l a t e d  l i n e  f o r  t h e  case  of a uniformly mixed gas  such  a s  carbon d iox ide  
i n  t h e  e a r t h ' s  atmosphere, by Kaplan (1959) and extended t o  more g e n e r a l  
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p r e s s u r e  l i m i t s  by Drayson (1966). The approximation was found t o  be q u i t e  
a c c u r a t e  f o r  most  appl . ica t ions ,  a l though e r r o r s  of up t o  about 6% can a r i s e  
f o r  c e r t a i n  combinations of p re s su re  and l i n e  i n t e n s i t y .  S i m i l a r l y ,  Mayot 
and Vigroux (1965) found t h a t  t h e  Curtis-Godson approximat ion  was no t  a 
s e r i o u s  source of e r r o r  i n  i n t e r p r e t i n g  obse rva t ions  i n  t h e  9.6 p ozone 
bands .  
I n  r a d i a t i v e  t r a n s f e r  c a l c u l a t i o n s  t h e  computation of t r a n s m i s s i v i t  ies 
is  only an i n c i d e n t a l  procedure,  and an  approximation should be regarded  
a s  v a l i d  only if it produces a c c u r a t e  va lues  of f l u x  d ive rgence .  
much more d i f f i c u l t  t a s k  was a t t a c k e d  by Walshaw and Rodgers (1963), who 
c a l c u l a t e d  t h e  e f f e c t  of t h e  Curtis-Godson approximation on t h e  accuracy  
of r a d i a t i v e  hea t ing - ra t e  c a l c u l a t i o n s  They cans idered  r a d i a t i v e  t r a n s f e r  
i n  t h e  e a r t h ’ s  atmosphere i n  t h e  9.6 p ozone bands,  t h e  15 p carbon d iox ide  
bands and t h e  r o t a t i o n a l  water  vapor band. The Lorentz l i n e  shape only 
was used .  Thei r  conclus ions  were: 
T h i s  
( a )  
( b )  
For the 15 p C02 bands t h e  approximation is ex t remely  a c c u r a t e .  
I n  the r o t a t i o n a l  water  vapor bands, t h e  r e s u l t  f o r  t h e  band 
a s  a whole i s  acceptab le ,  a l though t h e  e r r o r s  a r e  sometimes l a r g e r  over 
sma l l  p o r t i o n s  of  t h e  band. 
( c )  The approximation i s  n o t  v a l i d  i n  t h e  9.6 p 0 bands .  The 3 
f a i l u r e  was a t t r i b u t e d  t o  t h e  f a c t  t h a t  t h e  ozone mixing r a t i o  i n  t h e  
e a r t h ’  s atmosphere i n c r e a s e s  wi th  d e c r e a s i n g  p r e s s u r e s ,  a c o n d i t i o n  f o r  
which C u r t i s  (1952) found t h e  approximation t o  be l e s s  a c c u r a t e .  
I 
1 
1 
I 
I 
1 
I 
t 
a 
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To s i m p l i f y  t h e i r  c a l c u l a t i o n s  Walshaw and Rodgers d id  no t  cons ide r  
t h e  complicated e f f e c t  of v a r i a t i o n s  of tempera ture  on t h e  t r a n s m i s s i v i t y .  
It i s  i n t e r e s t i n g  t o  examine t h e  i n f luence  of such v a r i a t i o n s  i n  t h e  e a r t h ' s  
atmosphere on a C 0 2  l i n e  whose i n t e n s i t y  i n c r e a s e s  r a p i d l y  wi th  i n c r e a s i n g  
t empera tu re .  A t  t h e  s t r a topause ,  where t h e  tempera ture  i s  a maximum, it 
w i l l  be q u i t e  s t r o n g  compared t o  t h e  t ropopause  o r  mesopuase r e g i o n s .  Car- 
bon d iox ide  i s  f a i r l y  uniformly mixed up t o  a t  l e a s t  70 km, bu t  s i n c e  t h e  
t r a n s m i s s i v i t y  i s  a f u n c t i o n  of t h e  product of t h e  o p t i c a l  mass and t h e  
l i n e  i n t e n s i t i e s ,  it can be seen t h a t  t h e  same e f f e c t  on t h e  t r a n s m i s s i v i t y  
could be obta ined  by assuming t h a t  t h e  l i n e  i n t e n s i t y  remained c o n s t a n t  
and t h a t  t h e  C02 concen t r a t ion  i n c r e a s e s  r a p i d l y  a t  t h e  s t r a t o p a u s e ,  i . e . ,  
a s i t u a t i o n  s i m i l a r  t o  t h a t  of ozone where t h e  h igher  concen t r a t ion  i s  
a t  t h e  lower p re s su re ,  a circumstance which may l e a d  t o  cons ide rab le  e r r o r  
i n  t h e  Curtis-Godson approximation. Moreover, because of t h e  l a r g e  number 
of moderately weak t empera tu re - sens i t i ve  l i n e s ,  they  e x e r t  cons ide rab le  
c o o l i n g  in f luence  a t  t h e  s t r a topause  l e v e l  and must be a c c u r a t e l y  c a l -  
c u l a t e d .  
The Curtis-Godson approximation i s  designed t o  g ive  an  e s t i m a t e  of 
t h e  average t r ansmiss ion  over a f i n i t e  frequency i n t e r v a l .  A t  p r e s s u r e s  
where t h e  Lorentz l i n e  shape i s  v a l i d  f o r  homogeneous abso rp t ion  pa ths ,  
t h e  Curtis-Godson approximation s t i l l  g ives  a Lorentz l i n e  shape f o r  t h e  
s l a n t  pa th ,  whereas t h e  t r u e  l i n e  shape has more abso rp t ion  a t  t h e  l i n e  
c e n t e r  and less i n  t h e  wings, t ending  t o  a common va lue  i n  t h e  f a r  wings 
( Goody, 1964) . 
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The methods developed i n  t h i s  paper a r e  designed t o  be  a p p l i e d  t o  
a l l  gases  of atmospheric i n t e r e s t ,  r e g a r d l e s s  of t h e i r  d i s t r i b u t i o n  and 
tempera ture  dependence of l i n e  i n t e n s i t y .  
t i o n  technique  provides  t h e  f l e x i b i l i t y  t o  avoid  some of t h e  d i f f i c u l t i e s  
of t h e  Curtis-Godson approximation,  which a r e  no t  ea sy  t o  apply  t o  band 
models o r  empi r i ca l  d a t a .  The s o l u t i o n  l i e s  i n  d i v i d i n g  t h e  atmosphere 
i n t o  h o r i z o n t a l  l a y e r s  over which v a r i a t i o n s  i n  absorber  concen t r a t ions  
and i n  temperature  a r e  sma l l .  Two a l t e r n a t i v e s  a r e  t h e n  p o s s i b l e :  
F o r t u n a t e l y ,  t h e  d i r e c t  i n t e g r a -  
( a )  The Curtis-Godson approximation may t h e n  be  a p p l i e d  over each  
- 
of t h e s e  l aye r s  t o  o b t a i n  va lues  of F, E, T .  Th i s  method was used by 
Gates  e t  a l . ,  (1963), and Drayson and Young (1966).  
( b )  By assuming a va lue  of T i n  each  l a y e r  t h e  a b s o r p t i o n  c o e f f i c i e n t  
may be i n t e g r a t e d  w i t h  r e s p e c t  t o  p re s su re ,  g iv ing  a s l i g h t l y  more a c c u r a t e  
s o l u t i o n  t h a n  method a .  For  carbon d iox ide ,  whose mixing r a t i o  i s  a s -  
sumed cons t an t ,  t h e  s o l u t i o n  has been g iven  by Drayson (1966). 
t h i s  v a r i a t i o n  i s  somewhat cumbersome and o f f e r s  l i t t l e  advantage over  
However, 
t h e  f i r s t  method. 
To ob ta in  t h e  o p t i c a l  t h i c k n e s s  f o r  a pa th  between two a r b i t r a r y  
p o i n t s  i n  t h e  atmosphere,  t h e  sum of t h e  o p t i c a l  t h i c k n e s s e s  of t h e  i n t e r -  
vening  l a y e r s  i s  t aken .  It can e a s i l y  be  seen  t h a t  t h i s  method i s  e q u i v a l e n t  
or  n e a r l y  equ iva len t  i n  case  ( b )  t o  approximating t h e  s l a n t  p a t h  by a 
ser ies  of homogeneous pa ths ;  t h e  l i m i t i n g  case  where t h e  number of homo- 
geneous paths  i s  reduced t o  one i s  t h e  Curtis-Godson approximation i n  i t s  
o r i g i n a l  form. The method of d i r e c t  i n t e g r a t i o n  w i t h  r e s p e c t  t o  f requency 
has p rev ious ly  been app l i ed  t o  t h e  c a l c u l a t i o n  of f l u x e s  and f l u x  d ivergences  
e . g . ,  H i t ch fe ld  and Houghton (1961), b u t  t h e  f u l l  p o t e n t i a l  of t h e  method 
has n o t  been e x p l o i t e d .  I n  previous s t u d i e s  i n t e g r a t i o n  w i t h  r e s p e c t  t o  
frequency was used t o  compute average t r a n s m i s s i v i t i e s .  Here it i s  used 
t o  o b t a i n  f l u x e s  and f l u x  divergences d i r e c t l y .  
The expres s ions  for f l u x  (Eq. ( 2 . 2 . 4 ) )  and f l u x  d ivergence  (Eq.  (2 .2 .5 ) )  
do no t  e x p l i c i t l y  c o n t a i n  t h e  t r ansmiss ion  f u n c t i o n ,  b u t  r a t h e r  t h e  exponen t i a l  
i n t e g r a l  of t h e  o p t i c a l  t h i c k n e s s .  
i n t e g r a l s  were obta ined  by i n t e g r a t i o n  of t h e  t r ansmiss ion  f u n c t i o n  wi th  
r e s p e c t  t o  angle  and f o r  t h i s  reason t h e  exponen t i a l  i n t e g r a l  i s  f r e q u e n t l y  
c a l l e d  t h e  d i f f u s e  t r ansmiss ion  f u n c t i o n .  
It w i l l  b e  r e c a l l e d  t h a t  t h e  exponen t i a l  
One way t o  e v a l u a t e  the  i n t e g r a l  i s  t o  use numerical  quadra tu re .  
I n  t h i s  case  t h e  exponen t i a l  i n t e g r a l  E,(T) i s  approximated by an  expres-  
s i o n  of t h e  form 
where a 
i s  t h a t  t h e  d i f f u s e  t r ansmiss ion  f u n c t i o n  i s  expressed  i n  terms of normal 
t r a n s m i s s i o n  f u n c t i o n s ,  and s ince  t h e  source f u n c t i o n  J is  u s u a l l y  a slowly 
va ry ing  f u n c t i o n  of f requency ,  and can be considered a s  e f f e c t i v e l y  con- 
s t a n t  over a small frequency i n t e r v a l  Av, t h e  expres s ions  f o r  F ( p )  and 
dF/dp may be r e a d i l y  i n t e g r a t e d  w i t h  r e s p e c t  t o  frequency and involve  only 
and b i  ( i  = 1,. . . , N )  are c o n s t a n t s .  The advantage of t h i s  form i 
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t h e  average t r a n s m i s s i v i t y  7 over t h e  frequency i n t e r v a l  Av. 
The most widely employed approximation f o r  E3(T) i s  
1 
E3( T )  - 2 exp( -kT) (2 .3 .14)  
which i s  a s p e c i a l  case  of Eq. (2.3.13) wi th  N = 1. 
i s  d i scussed  byC;dy (1964).  
v a r i e s  a s  T varies from 0 t o  a. T o  main ta in  accuracy f o r  sma l l  va lues  
of 7, k should be equa l  t o  2 .0 ,  b u t  t h i s  va lue  i s  not  a good approxima- 
t i o n  f o r  l a r g e r  va lues  of 7 .  Usual ly  t h e  d i f f u s i v i t y  f a c t o r  k i s  t aken  
t o  be  1.66, a value E l s a s s e r  (1542)  obta ined  f o r  t h e  s t r o n g  l i n e  approxi -  
mation of an  E l sas se r  band.  
The use  of t h i s  form 
S t r i c t l y  speaking  k i s  no t  a c o n s t a n t ,  b u t  
Suppose t h a t  an approximation of t h i s  form i s  used i n  Eq. ( 2 . 2 . 4 )  
t o  e v a l u a t e  t h e  f l u x .  The f l u x  d ivergence  i s  ob ta ined  by  d i f f e r e n t i a t i n g  
Eq. ( 2 . 2 . 3 ) .  From Eqs.  (2 .3 .14 )  and ( 2 . 2 . 3 a )  we have 
- k/2  exp(-kT) 
A s  s t a t e d  above, k = 2 must be used when 7 = 0 and t h i s  a l s o  g i v e s  a poor 
approximation f o r  E2( T ) .  I n  a l a t e r  s e c t i o n  an expres s ion  f o r  F( p)  which 
involves  E4(7)  w i l l  be  d e r i v e d .  Th i s  l e a d s  t o  an expres s ion  
E p )  - - 1 exp( -kT) 
2 k  
Since  E ~ ( O  
mation f o r  
= l/3? it i s  impossible  s imul taneous ly  t o  ob ta in  a good approxi -  
E~(T), E ~ ( T ) ?  E~(T), even a t  x = 0. 
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Despi te  t h e s e  inaccurac i e s ,  t h e  d i f f u s i v i t y  f a c t o r  of 1.66 has been 
almost u n i v e r s a l l y  a p p l i e d .  
a r e  smal l ,  a l though it has  n o t  r e a l l y  been thoroughly  t e s t e d  under adve r se  
c o n d i t i o n s .  Probably e r r o r s  f rom one p a r t  of t h e  a b s o r p t i o n  band a r e  com- 
pensa ted  by c a n c e l l a t i o n  from other  p a r t s  of t h e  band, reducing  t h e  inac -  
c u r a c i e s  t o  a c c e p t a b l e  l e v e l s .  
It i s  claimed t h a t  t h e  e r r o r s  i n  f l u x  d ivergence  
I n  most p h y s i c a l  problems an approximation a s  crude a s  E q .  (2.3.14) 
i s  n o t  used .  There a r e  however two r easons  f o r  i t s  u s e .  
( a )  The exponen t i a l  i n t e g r a l  i s  no t  a s  easy  t o  e v a l u a t e  a s  t h e  
e x p o n e n t i a l  f u n c t i o n .  
of e l e c t r o n i c  computers. 
Th i s  was p a r t i c u l a r l y  t r u e  b e f o r e  t h e  development 
( b )  The more important reason i s  t h a t  e v a l u a t i o n  of t h e  e x p o n e n t i a l  
i n t e g r a l  p rec ludes  t h e  use of band models. 
mation used i n  conjunct ion  w i t h  t h e  Curtis-Godson approximation reduces  
t h e  complex problem of d i f f u s e  s l a n t  pa th  t r a n s m i s s i o n  t o  a much s imple r  
' e q u i v a l e n t '  homogeneous pa th  over a f i n i t e  f requency  i n t e r v a l ,  where em- 
The d i f f u s i v i t y  f a c t o r  approx i -  
p i r i c a l  d a t a  or  band model c a l c u l a t i o n s  may be  used .  
I n  t h e  c a l c u l a t i o n s  made i n  t h i s  s tudy ,  d i r e c t  i n t e g r a t i o n  w i t h  r e -  
s p e c t  t o  f requency  i s  employed, s o  t h a t  t h e  r eason ing  i n  b does no t  a p p l y .  
A number of methods of e v a l u a t i n g  t h e  e x p o n e n t i a l  i n t e g r a l s  were examined, 
b u t  none was found s u i t a b l e  f o r  use i n  t h e  c3mputer programs of f l u x  d i -  
vergence because o f  t h e i r  slowness or  inaccuracy .  A s e r i e s  o f  s u b r o u t i n e s  
u s i n g  polynomial approximations was developed and i s  f u l l y  desc r ibed  i n  
t,he appendix. The average execut ion  t i m e  of t h e s e  sub rou t ines  was l e s s  
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t h a n  t h a t  of the computing system e x p o n e n t i a l  f u n c t i o n  s u b r o u t i n e .  The 
development, of f a s t  sub rou t ines  i s  c r i t i c a i  s i n c e  a l a r g e  p ropor t ion  of 
t h e  execu t ion  time of t h e  programs i s  sFent  i n  t h e s e  s u b r o u t i n e s .  
2 4 W R I C A L  FRCTEDTJRES FOR EVALUATING RADIATIVE FLUX 
For  t h e  purposes of t h i s  s e c t i o n  it w i l l  be assumed t h a t  t h e  problem 
of c a l c u l a t i n g  t h e  d i f f u s e  t r a n s m i s s i o n  f u n c t i o n  has been overcome and 
tha t .  t h e  source f u n c t i o n  J ( v , p )  i s  known a t  every  p o i n t  i n  t h e  atmosphere.  
The f l u x  F ( & )  given by Eq" ( 2 . 2 . 4 )  can be eva lua ted  numerical1.y i n  a s t r a i g h t -  
forward manner, u s ing  s t anda rd  quadra ture  t e c h n i q u e s .  However, because 
of t h e  approximate na tu re  of quadra tu re  e v a l u a t i o n s ,  t h e  c a l c u l a t e d  f l u x  
d i f f e r s  from t,he t r u e  f l u x  by some sma l l  e r r o r  E(p) . 
between t.wo ad jacen t  pre:;sure l e v e l s  may be  found provided it i s  no t  of 
J r d e r  c (  p )  . The q u a n t i t y  c (  p)  can be reduced by c a r e f u l  quadra tu re  pro- 
cedures ,  b u t  w i l l  always be p re sen t  because of round-off and o t h e r  i nac -  
,:uracies introduced i n  computation, i . e . ,  t h e  well-known d i f f i c u l t i e s  of 
n u n e r i c a l  d i f f e r e n t i a t i o n  a r e  encountered .  
The f l u x  d i f f e r e n c e  
2.4.1 The Iso thermal  Layer Approximation 
A f r e q u e n t l y  used method of reducing  t h e  numerical  n o i s e  i s  t o  a s -  
sume t h a t  t h e  atmosphere i s  d iv ided  i n t o  i so the rma l  l a y e r s  o r ,  more pre-  
c i se l . y ,  l a y e r s  i n  which t h e  source  f u n c t i o n  i s  c o n s t a n t .  
i s  no long  v a l i d ,  s i n c e  i t s  d e r i v a t i o n  depends on t h e  c o n t i n u i t y  of t h e  
source  f u n c t i o n  a s  a f u n c t i o n  c,f p r e s s u r e .  
i n t e g r a t e d  t o  give 
Equation ( 2 . 2 . 4 )  
I n s t e a d  E q .  ( 2 . 2 . 1 )  may be 
/ 
1 
i J 
i 
where t h e  atmosphere has been divided i n t o  N l a y e r s  and t h e  s u b s c r i p t  j 
refers t o  t h e  value of  t h e  v a r i a b l e s  a t  t h e  l e v e l  j .  
The i so thermal  assumption i s ,  of course,  a g ross  d i s t o r t i o n  of t h e  
tempera ture  p r o f i l e  expected i n  a p l a n e t a r y  atmosphere and s i n c e  r a d i a t i v e  
t r a n s f e r  processes  tend  t o  smooth temperature  p r o f i l e s ,  such d i s c o n t i n u i t i e s  
i n  t h e  temperature  f i e l d  could not e x i s t .  The use of t h e  i s o t h e r m a l  a s -  
sumption can be j u s t i f i e d  only i f  it g i v e s  r e a l i s t i c  va lues  of t h e  average 
f l u x  divergence i n  a l a y e r .  
Consider ,  a s  an example, a p a r t  of a n  a b s o r p t i o n  band where t h e  o p t i c a l  
t h i c k n e s s  i s  very l a r g e ,  i . e . ,  t h e  atmosphere becomes opaque w i t h i n  a very  
s h o r t  d i s t a n c e .  I n  t h i s  ca se  the n e t  f l u x  i s  smal l  and hence t h e  t r u e  
f l u x  divergence i s  smal l  a l s o  and independent of t h e  temperature  p r o f i l e .  
T h i s  ho lds  even if  t h e  temperature p r o f i l e  i s  s i m i l a r  t o  t h a t  i n  F i g .  1. 
If t h e  i so thermal  s l a b  approximation i s  used, t h e  flux can e a s i l y  be e v a l u a t e d  
The assumption t h a t  t h e  o p t i c a l  t h i c k n e s s  i s  l a r g e  implies  
Using t h i s  r e l a t i o n  it is r e a d i l y  s e e n  t h a t  
F i  = IK J, (Ji+l-Ji)dv 
JI -2  
JI- I 
JI  
A 
i+l - J ~ .  i . e . ,  t h e  f l u x  a t  any l e v e l  i s  p r o p o r t i o n a l  t o  J 
Thus 
1-2 
I- I 
I 
a JI - JI-1 = 0 FI-l 
P I  a JI+1 - JI > o  
FI+l I +2 I+1 
a J  - J  > o  (2.6.2) 
The h e a t i n g  a t  l e v e l  i i s  p ropor t iona l  t o  AFi = Fi-Fi-l. Using t h e s e  
e q u a t  i ons 
1 
I 
8 
I 
I 
I 
I 
I 
8 
I 
8 
1 
I 
1 
1 
I 
I 
I 
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The model c o r r e c t l y  p r e d i c t s  no h e a t i n g  
n e t  h e a t i n g  i n  l e v e l  I ( t h e  f i r s t  l a y e r  
i n  l eve l  1-1, b u t  produces a s t r o n g  
i n  t h e  i so thermal  r e g i o n ) .  The 
s i g n  of t h e  f l u x  divergence i n  t h e  I + l t h  depends on t h e  r e l a t i v e  s i z e s  
of JI, JI+l and JI+l. By making l a y e r  I+1 smal l  compared t o  l a y e r  I+2, 
t h e  d i f f e r e n c e  ( JI+2-JI+1) can b e  made l a r g e r  t h a n  ( JI+l-JI) , producing 
a n e t  h e a t i n g  i n  l a y e r  I+1. If  however l a y e r  I+1 i s  smal l  compared w i t h  
l a y e r  1+2, t h e  oppos i te  e f f ec t  can be produced and a n e t  c o o l i n g  i s  o b t a i n e d .  
This  means t h a t  t h e  isothermal  l a y e r  assumption has two s e r i o u s  f l a w s .  
( i )  It t e n d s  t o  produce a g r e a t e r  amount of h e a t i n g  or cool ing  a t  
t h e  bottom of an i so thermal  l aye r  i n  t h e  atmosphere below which t h e  tempera- 
t u r e  i n c r e a s e s  o r  d e c r e a s e s .  T h i s  e f f e c t  a l s o  occurs  when t h e  temperature  
g r a d i e n t  changes, not  n e c e s s a r i l y  t o  an i so thermal  c o n d i t i o n .  
( i t )  The s i g n  of  t h e  f l u x  divergence can be a l t e r e d  depending on t h e  
t h i c k n e s s  of t h e  slabs chosen. 
It should be noted t h a t  even i f  t h e  atmosphere i s  not  o p t i c a l l y  t h i c k  
i n  t h e  reg ion  of t h e  spectrum under c o n s i d e r a t i o n ,  these  two e r r o r s  s t i l l  
have a tendency t o  occur ,  al though t h e i r  e f f e c t  i s  n o t  s o  extreme. There 
a r e  many reg ions  of a b s o r p t i o n  s p e c t r a  where t h e  atmosphere i s  o p t i c a l l y  
t h i c k ,  a t  l e a s t  near  t h e  l i n e  cen te r s ;  a n  absorber  i n  which t h i s  never 
happens has t o  be weak, and hence has t o  have l i t t l e  i n f l u e n c e  on t h e  
r a d i a t i v e  t r a n s f e r .  
C l e a r l y  t h e  i so thermal  l a y e r  approximation must n o t  be  used t o  s tudy  
r a d i a t i v e  t r a n s f e r  i n  important reg ions  where t h e  atmospheric temperature  
reaches  a maximum o r  minimum ( t h e  tropopause , s t r a t o p a u s e  and mesopause), 
I 
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and probably should no t  be used i n  o the r  r eg ions  a s  w e l l .  A more r e a l i s t i c  
approach must b e  used, one Ghich t a k e s  i n t o  a c c m n t  more a c c u r a t e l y  t h e  1 
s t r u c t u r e  of t h e  atmosphere i n  t h e  neighborhood of t h e  p o i n t  be ing  i n v e s t i -  
g a t e d .  
2.4.2 Polynomial Representa t ion  of t h e  Source Func t ion  
S ince  t h e  s i m p l e s t  approximation, t h a t  of i so the rma l  l a y e r s ,  l e a d s  I 
t o  s e r i o u s  e r r o r s  i n  c a l c u l a t e d  f l u x  d ivergences ,  a more s o p h i s t i c a t e d  
technique  must be used.  Perhaps t h e  most obvious method i s  t o  expres s  
t h e  source  func t ion  a t  p o i n t s  w i t h i n  t h e  i n d i v i d u a l  l a y e r s  a s  a polynomial I 
8 i n  p re s su re  or h e i g h t  or  some o the r  v e r t i c a l  c o o r d i n a t e .  The i so the rma l  
l a y e r  approximation i s  r e a l l y  a l i m i t i n g  case ,  i n  which t h e  degree of t h e  
polynomial i s  ze ro .  
Suppose t h a t  t h e  atmosphere has been d iv ided  i n t o  N h o r i z o n t a l  plane-  
p a r a l l e l  l aye r s ,  w i th  t h e  i - t h  l a y e r  bounded by p res su re  l e v e l s  pi-l, and 
pi ( i  = 1,2.. .,N) w i t h  
o = p  < p1 < ... < p i - 1  < p i  . . .  @-1 < p N  = Pg 
It w i l l  a l s o  be assumed t h a t  t h e s e  l e v e l s  have been chosen so t h a t  t h e  1 
atmosphere may, f o r  t h e  purpose of c a l c u l a t i n g  atmospheric  abso rp t ion ,  
be approximated by homogeneous paths  w i t h i n  t h e  l a y e r s ,  a s  d i scussed  i n  
S e c t i o n  2.3.2.  F o r  convenience,  it w i l l  be  assumed t h a t  B ( v , T g )  = J(v,Tg). 
I 
8 
From Eq.  (2 .2 .4 )  t h e  expres s ion  for t h e  n e t  f l u x  Fm a t  l e v e l  m may be w r i t -  
t e n .  
33 
( m  = O , l ,  ..., N) (2 -4.3) 
The assumption t h a t  t h e  l a y e r s  a re  homogeneous impl i e s  t h a t  w i t h i n  each  
l a y e r  t i s  a l i n e a r  f u n c t i o n  of  pressure ,  and t h a t d J / d t  i s  a polynomial 
i n  p.  Thus, each  i n t e g r a l  i n  the  sum i n  Eq.  ( 2 . 4 . 3 )  may be w r i t t e n  
where a .  b. c a r e  cons t an t s  wi th in  t h e  l e v e l  i ,  and t h e  source  f u n c t i o n  J' J '  j 
i s  expressed a s  a polynomial of degree n i n  p, w i th in  l e v e l  i .  
Equat ion ( 2 . 4 . 4 )  can be eva lua ted  u s i n g  t h e  r e l a t i o n  ( s e e  appendix)  
Th i s  method i s  very s i m i l a r  t o  t h a t  proposed by C u r t i s  (1956), i n  
which t h e  source f u n c t i o n  i s  expr t ssed  i n  terms of a polynomial of degree 
4, whose c o e f f i c i e n t s  a r e  chosen t o  g ive  t h e  source f u n c t i o n  e x a c t l y  a t  
f i v e  ad jacen t  l e v e l s .  Th i s  r e p r e s e n t a t i o n  i s  used only i n  t h e  neighbor-  
hood of t h e  p o i n t  a t  which t h e  f l u x  divergence i s  be ing  c a l c u l a t e d ,  a 
lower o rde r  polynomial be ing  used e l sewhere .  The higher  o rde r  polynomial 
was used i n  an  a t tempt  t o  accu ra t e ly  inc lude  t h e  c o n t r i b u t i o n s  from near -  
by l a y e r s ,  which most i n f luence  t h e  coo l ing  r a t e  i n  many p a r t s  of t h e  
atmosphere.  Th i s  method was a l s o  used by Rodgers and Walshaw (1966) .  
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The resul ts  of f i t t i n g  such polynomials a r e  shown i n  F i g .  .2. The 
s o l i d  l i n e s  r ep resen t  p r o f i l e s  t y p i c a l  of t hose  encountered i n  s t anda rd  
or mean atmospheric p r o f i l e s ,  w h i l e  t h e  dashed l i n e s  i n d i c a t e  t h e  polynomial 
tempera ture  d i s t r i b u t i o n s .  C l e a r l y  t h e  polynomials do not  a c c u r a t e l y  r ep re -  
s e n t  t h e  t r u e  p r o f i l e s  and may not  g ive  c o r r e c t  c o n t r i b u t i o n s  t o  t h e  cool -  
i n g  r a t e  from ad jacen t  l a y e r s .  The polynomial f r e q u e n t l y  g ives  a smoother 
tempera ture  p r o f i l e ,  p a r t i c u l a r l y  where t h e  tempera ture  g r a d i e n t  i s  d i s -  
cont inuous and t h i s  p roper ty  i s  sometimes d e s i r a b l e ;  t h e  important  modi- 
f y i n g  e f fec t  of such smoothing w i l l  be  shown i n  t h e  nex t  c h a p t e r .  S ince  
a new polynomial i s  used f o r  each poin t  a t  which t h e  coo l ing  r a t e  i s  c a l -  
c u l a t e d ,  no two po in t s  have, i n  gene ra l ,  t h e  same tempera ture  p r o f i l e  a s -  
s o c i a t e d  wi th  them. 
A f u r t h e r  disadvantage of t h e  h igher  order  polynomials,  a t  l e a s t  f o r  
t h e  method of c a l c u l a t i o n  descr ibed  here ,  i s  t h e  d i f f i c u l t y  i n  e v a l u a t i n g  
t h e  i n t e g r a l s  of t h e  type  i n  Eq. ( 2 . 4 . 5 ) .  
i ng ,  b u t  accuracy i s  d i f f i c u l t  t o  main ta in  f o r  some va lues  of x1 and x2 
due t o  roundoff e r r o r s  and inaccurac i e s  i n  c a l c u l a t i n g  t h e  exponen t i a l  
Not only a r e  they  t i m e  consum- 
i n t e g r a l s .  
The method app l i ed  he re  i s  t o  assume t h e  source  f u n c t i o n  i s  l i n e a r  
w i t h  p re s su re  between a d j a c e n t  p re s su re  l a y e r s ,  and t o  s imula t e  r a p i d  
tempera ture  f luxua t ions  by dec reas ing  t h e  t h i c k n e s s  of t h e  l a y e r s .  The 
l i n e a r  assumption enab le s  E q .  ( 2 . b . 3 )  t o  be eva lua ted  s imply .  
(2 .4 .6)  
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PRESSUR 
T E M P E RATUR E 
____, 
PRESSU 
T E M P E R AT U RE 
____+ 
T E M P E  RAT URE 
___, 
F i g .  2.  Typ ica l  polynomial f i t s  t o  v e r t i c a l  temperature  s t r u c t u r e s .  
C i r c l e s  mark p res su re  l e v e l s  a t  which r a t e  cool ing  i s  be ing  determined; 
c r o s s e s  mark o the r  p re s su re  l e v e l s  a t  which polynomial g ives  exac t  source  
f u n c t i o n .  S o l i d  l i n e  i s  temperature s t r u c t u r e ,  d o t t e d  l i n e  i s  4 t h  degree 
polynomial f i t t i n g  temperature  s t r u c t u r e .  
where 
A J i  = Ji-Ji,l 
and 
I n  many molecular abso rp t ion  hands,  t h e  source  f u n c t i o n  Ji a t  l e v e l  
i i s  a s lowly  varying f u n c t i o n  of f requency,  and may be considered cons t an t  
over t h e  band, or  over some frequency s u b i n t e r v a l  of t h e  band. 
a f requency i n t e r v a l  Eq. (2.4.6) may be w r i t t e n  
For such 
i . e . ,  t he  f lux may be expressed a s  a l i n e a r  combination of t h e  source  
f u n c t i o n s  a t  a l l  p o i n t s  i n  t h e  atmosphere ( c . f  ., C u r t i s ,  1936). It should 
be noted t h a t  t h e  c o e f f i c i e n t s  i n  t h e  l i n e a r  sum a r e  f u n c t i o n s  of tempera- 
t u r e  and s t r i c t l y  speaking should be used only f o r  t h e  atmospheric  tempera- 
t u r e  s t r u c t u r e  f o r  which they  a r e  c a l c u l a t e d .  
t h e  c o e f f i c i e n t s  a r e  only weakly tempera ture  dependent and may be used 
t o  c a l c u l a t e  f luxes  for o the r  temperature  s t r u c t u r e s ,  provided t h e y  a r e  
not  r a d i c a l l y  d i f f e r e n t  from t h e  o r i g i n a l .  
I n  some s p e c t r a l  r eg ions  
A s  previously i n d i c a t e d ,  it i s  more d i f f i c u l t  t o  compute f l u x  d i -  
vergences t h a n  f l u x e s ,  p a r t i c u l a r l y  i n  r eg ions  of t h e  upper atmosphere 
where sma l l  f l u x  d i f f e r e n c e s  cause l a r g e  h e a t i n g  r a t e s .  For t h i s  reason  
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it is f r e q u e n t l y  advantageous t o  compute t h e  d ivergence  d i r e c t l y .  Using 
Eq. (2.4.6) t h e  f l u x  d i f f e r e n c e  a t  a d j a c e n t  l e v e l s  may be w r i t t e n  
Suppose t h a t   AT^ i s  sma l l ,  f o r  some i, and cons ide r  t h e  e r r o r s  which may 
a r i s e  i n  e v a l u a t i n g  t h e  terms i n  t h e  sums i n  t h i s  equa t ion .  These terms 
involve  d i f f e r e n c e s  of exponent ia l  i n t e g r a l s  whose arguments d i f f e r  by 
 AT^. If AT. i s  of t h e  same order  a s  t h e  accuracy wi th  which E4 can be 
c a l c u l a t e d ,  t h e n  t h e  accuracy of c a l c u l a t i n g  t h e  d i f f e r e n c e  w i l l  be r e l a -  
t i v e l y  low. 
c a l c u l a t i n g  t h e  t e r m  becomes l a r g e ,  and t e s t  c a l c u l a t i o n s  showed t h a t  t h e s e  
e r r o r s  o f t e n  l e d  t o  meaningless r e s u l t s .  
1 
When t h e  d i f f e rence  is  d iv ided  by  AT^ t h e  a b s o l u t e  e r r o r  i n  
F o r t u n a t e l y ,  it i s  n o t  d i f f i c u l t  t o  e v a l u a t e  such terms wi th  a much 
h ighe r  accuracy .  The method i s  suggested by t h e  mean va lhe  theorem 
1 E [F(x+&)-F(x) ]  = F ' ( x + ~ )  
f o r  some 5 i n  t h e  range 0 < 5 < &X 
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2 Consider t h e  e r r o r s  involved i n  approximating F '  (x+  5 )  by F '  (x+- 6 x )  . 
Expanding F ( x )  and F(x+Gx) i n  a Tay lo r  s e r i e s  
6X 1 sx 2 1 1 fix 3 1 4 
F(x+rix) = F ( x T )  + ( p ) F '  (x+$x) + z ( ~ )  F " ( x T x )  + F(F) F"" (x+z; i~)+O(Sx)  
S u b t r a c t i n g  
5 Neglec t ing  the  terms of O(8x) 
1 1 2 1 - b(x+Gx) -F(x ) ]  = F'(x+-fix) 2 + &(Ex) F " ' ( x ~ 5 x )  (2 .4 .8 )  FX 
Applying t h i s  t o  t h e  f u n c t i o n  E4(x) 
1 
The va lues  of 6x f o r  which t h e  approximation E ( x  + 28x)  should be used 
depends on t h e  accuracy t o  which E4(x) can be c a l c u l a t e d .  
developed i n  the  appendix g ive  a n  abso lu te  accuracy of approximately 
1 x However, s i n c e  a d j a c e n t  va lues  of t h e  argument t end  t o  have 
s i m i l a r  e r r o r s ,  t h e  a b s o l u t e  e r r o r  of t h e  d i f f e r e n c e  [E4(x) - E4(x+6x) 1 
i s  u s u a l l y  somewhat s m a l l e r .  e But f o r  some x and x + SX, p a r t i c u l a r l y  
those  t h a t  a r e  computed from d i f f e r e n t  polynomials, t h e  e r r o r  i n  t h e  d i f -  
f e r e n c e  may be s l i g h t l y  more than  
an  e r r o r  of 
3 
The subrou t ines  
It w i l l  t h e r e f o r e  be assumed t h a t  
i s  a r e p r e s e n t a t i v e  v a l u e .  The e r r o r s  from t h e  two methods 
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w i l l  becode e q u a l  when 
2 - E,(x) 10-7 Fix 
Except f o r  very  s m a l l  values  of x, E ( x )  i s  of order  u n i t y ,  s o  1 
-2 
Fjx - 10 
1 Using t h e  approximation E ( x  + - 6 x )  f o r  6x < t h e  o r d e r  o f  t h e  
3 2 
e r r o r  i n  computing 
i s  a n  acceptab le  value f o r  t h e  c a l c u l a t i o n  of t h e  f l u x  d ivergences .  
Using t h i s  approximation, t h e  terms i n  t h e  f i r s t  sum of E q .  (2 .4 .7)  
become 
where T .  i s  def ined  a s  ( I - ~ + T ~ - ~ ) / ~ .  1-112 
F u r t h e r  e r r o r  can a r i s e  when  AT^ i s  smal l ,  and can be t r e a t e d  i n  e x a c t l y  
t h e  same way, reducing t h e  t e r m  above t o  a s t i l l  s impler  form 
I n s p e c t i o n  of Eq. (2 .4 .7)  shows t h a t  t h e  c o n t r i b u t i o n  from l a y e r  i 
t o  t h e  f l u x  d i f f e r e n c e s  i n  leve l  rn i s  t h e  same, a p a r t  from a d i f f e r e n c e  i n  
s i g n  and t h e  m u l t i p l y i n g  f a c t o r  AJi/ATi, a s  t h e  c o n t r i b u t i o n  from l a y e r  
m t o  t h e  f l u x  d i f fe rences  i n  l a y e r  i .  T h i s  d u a l i t y  i s  of g r e a t  importance,  
s i n c e  t h e  d i f f e r e n c e s  of t h e  exponent ia l s  need be eva lua ted  only once f o r  
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each  i and m, which ha lves  t h e  execu t ion  t ime of t h i s  important p a r t  of 
t h e  computer program. 
It i s  a l s o  c l e a r  t h a t  t h e  f i rs t  te rm i n  Eq. (2.4.7) may, f o r  sma l l  
ATm, be approximated by 
If t h e  f l u x  d ivergence  a t  a p o i n t  i s  r e q u i r e d ,  t h e  polynomial o r  
l i n e a r  approximation f o r  t h e  source  f u n c t i o n  J may be s u b s t i t u t e d  i n t o  
Eq. (2 .2 .5 ) ,  and i n t e g r a t i o n  wi th  r e s p e c t  t o  t c a r r i e d  ou t  i n  a s i m i l a r  
manner . 
Assuming t h a t  t h e  atmosphere has been d iv ided  i n t o  h o r i z o n t a l  l a y e r s  
i n  which t h e  source f u n c t i o n  i s  a l i n e a r  f u n c t i o n  of p re s su re ,  it i s  of 
i n t e r e s t  t o  know how t h e  f l u x  d ivergence  v a r i e s  a t  p o i n t s  w i t h i n  t h e s e  
l a y e r s .  T e s t  c a l c u l a t i o n s  were made f o r  l a y e r s  a s  t h i n  a s  1 km. i n  t h e  
mesosphere, f o r  t h e  15 p C02 bands .  It  was found t h a t  t h e  a b s o l u t e  va lue  
of t h e  f lux divergence was g r e a t e s t  nea r  t h e  boundar ies  of t h e  l a y e r s  and 
l e a s t  near  t h e  c e n t e r  of t h e  l a y e r s .  The r eason  f o r  t h i s  behavior  i s  t h a t  
a t  i n t e r i o r  po in ts  t h e  source f u n c t i o n  g r a d i e n t  i s  c o n s t a n t  i n  t h e  immediate 
neighborhood, whereas a t  t h e  boundary it i s  u s u a l l y  d i scon t inuous .  The 
same problem undoubtably arises when a h ighe r  o r d e r  polynomial i s  used; 
F i g .  2 shows t h a t  t h e  source  f u n c t i o n  g r a d i e n t  i s  n o t  a c c u r a t e l y  re- 
produced. 
t u r e  maximum, which w i l l  t end  t o  ove res t ima te  t h e  coo l ing  r a t e  a t  t h a t  
p o i n t .  However, f o r  tempera ture  p r o f i l e s  which a r e  smoother, t h e  poly- 
For example, i n  p r o f i l e  ( b )  t h e  polynomial g ives  a l o c a l  tempera- 
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nomial may be more r e a l i s t i c .  Never the less ,  i f  t h e  f l u x  divergence i s  
c a l c u l a t e d  a t  a p o i n t ,  r a t h e r  than an i n t e g r a t e d  va lue  over a f i n i t e  pres -  
s u r e  l a y e r ,  two important p o i n t s  must be t a k e n  i n t o  c o n s i d e r a t i o n .  
( i )  The method of c a l c u l a t i o n  may d i s t o r t  t h e  l o c a l  tempera ture  
f i e l d  and l e a d  t o  i n a c c u r a c i e s .  
(ii) The f l u x  d ivergence  a t  t h i s  p o i n t  may no t  be r e p r e s e n t a t i v e  
of  t h e  va lue  a t  ne ighbor ing  poin ts ,  and cannot i n  g e n e r a l  be used a s  t h e  
average  va lue  i n  a f i n i t e  pressure l a y e r .  
I n  t h e  p re sen t  s tudy  t h e  th i ckness  of l a y e r s  was a d j u s t e d  s o  t h a t  
when a l a y e r  was halved and t h e  f lux  d i f f e r e n c e s  r e c a l c u l a t e d  t h e  same 
va lues  were obta ined  from t h e  sum of t h e  two sub laye r s ,  t o  w i t h i n  some 
accep tab le  e r r o r  l i m i t s .  The th i ckness  of t h e  l a y e r s  depends on t h e  ac -  
curacy  r e q u i r e d  and on t h e  c h a r a c t e r i s t i c s  of t h e  s p e c t r a l  r e g i o n  under 
c o n s i d e r a t i o n .  I n  t h e  e a r t h ' s  mesosphere an accuracy of b e t t e r  t h a n  1% 
can be obta ined  i n  t h e  15 p C02 bands wi th  l a y e r s  s e v e r a l  km t h i c k .  
The i n t e g r a t i o n s  wi th  r e s p e c t  t o  f requency  of equa t ions  such a s  Eq. 
(2.4.7) can be c a r r i e d  out  i n  much t h e  same way a s  those  developed f o r  
c a l c u l a t i n g  t r a n s m i s s i v i t y  (Drayson & Young 1966). 
of i n t e g r a t i o n  is d iv ided  i n t o  many s u b i n t e r v a l s  , whose l e n g t h  v a r i e s  , 
b e i n g  s m a l l e s t  near  l i n e  cen te r s  and l a r g e s t  away from l i n e s ,  and 4-poin t  
Gaussian quadra ture  i s  a p p l i e d  over t h e  i n t e r v a l s .  
The frequency i n t e r v a l  
2.5 CONCLUSIONS 
I n  d e r i v i n g  t h e  equa t ions  o f  r a d i a t i v e  t r a n s f e r  and manipula t ing  
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them i n t o  a form s u i t a b l e  f o r  numerical  e v a l u a t i o n  of f lux d ivergences ,  
a concerted e f f o r t  has beed made t o  use a s  few approximations a s  p o s s i b l e .  
A s  a r e s u l t  s e v e r a l  approximations,  a lmost  u n i v e r s a l l y  employed, have 
been avoided.  This  i s  n o t  meant t o  imply t h a t  t h e s e  approximations a r e  
v a l u e l e s s ,  b u t  t h a t  under some circumstances t h e y  may l e a d  t o  e r r o r s  and 
must be used w i t h  c a u t i o n .  The more e x a c t  methods can provide a means 
t o  check t h e  approximations and d e f i n e  some c o n d i t i o n s  under which t h e y  
can be employed. Flux divergences a r e  obtained by d i r e c t  i n t e g r a t i o n  wi th  
r e s p e c t  t o  frequency. The assumption t h a t  t h e  source f u n c t i o n  i s  l i n e a r  
i n  p r e s s u r e  wi th in  t h e  atmospheric  l a y e r  is  shown t o  have advantages 
over t h e  use of i so thermal  l a y e r s  and h igher  order  polynomials,  and a l s o  
a l lows  t h e  v e r t i c a l  i n t e g r a t i o n  t o  be accomplished simply, without  t h e  use 
of a d i f f u s i v i t y  approximation f o r  a n g u l a r  i n t e g r a t i o n .  
The disadvantage of t h e  p r e s e n t  method is  t h a t  t h e  formula t ion  i s  
r a t h e r  complicated,  and t h a t  quick simple s o l u t i o n s  cannot be obta ined .  
A c o n s i d e r a b l e  amount of computing t ime i s  r e q u i r e d  t o  s o l v e  any r e a l i s t i c  
problem. However, wi th  computers of i n c r e a s i n g  speed, t h e  t i m e  problem 
should s t e a d i l y  d e c r e a s e .  
Apart  from checking o t h e r  methods, c a l c u l a t i o n s  of t h i s  t y p e  can be  
j u s t i f i e d  only if t h e y  r e s u l t  i n  cons iderable  improvement over f a s t e r ,  
s i m p l e r  techniques .  The next  two c h a p t e r s  a r e  devoted t o  two a p p l i c a t i o n s ,  
wi th  emphasis on comparison w i t h  o t h e r  c a l c u l a t i o n s .  
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CHAPTER 3 
APPLICATION TO THE EARTH'S MESOSPHERE AND MESOPAUSE 
3.1- GENERAL SURVEY OF LONG-WAVE RADIATIVE TRANSFER I N  THE EAF'SH'S 
ATMOSPHERE 
I n  t h e  e a r t h ' s  atmosphere t h e  important gases  f o r  long-wave r a d i a t i v e  
t r a n s f e r  a r e  minor c o n s t i t u e n t s  ( w i t h  t h e  p o s s i b l e  e x c e p t i o n  of atomic 
oxygen i n  t h e  thermosphere),  comprising much less  t h a n  1% of i t s  mass. 
O f  these,, t h e  most i n f l u e n t i a l  a r e :  
Carbon d iox ide .  ( a )  C02 i s  a l i n e a r  symmetric molecule which has 
no pure r o t a t i o n a l  spectrum. The important bands f o r  i n f r a r e d  r a d i a t i v e  
t r a n s f e r  a r e  a s  f o i l o w s .  
( i )  The 15 p bands, c o n s i s t i n g  of t h e  v2 fundamental and over- 
t one  bands.  I n  a d d i t i o n  t o  t h e  normal molecule ( 1 Z c  1 6 ~  160) 
t h e  i s o t o p i c  spec ie s  9 
9 
13c 160 16~, 12c 16, 18, EC 16, 17, 
and 1% l6O l80 a r e  abundant enough t o  e x e r t  some i n f l u e n c e .  
The l a s t  t h r e e  a r e  asymmetric. 
( ii) The v fundamental a t  11.3 p. 3 
Although t h e  v3 band i n t e n s i t y  i s  much g r e a t e r  t h a n  t h e  t o t a l  i n t e n s i t y  
of t h e  bands nea r  15 p, it plays only a minor r o l e  i n  t h e  e a r t h ' s  atmosphere 
because t h e  the rma l  energy i s  low nea r  4.3 p a t  a tmospher ic  t empera tu res .  
( b )  Water vapor i s  a nonl inear  molecule wi th  two important atmospheric 
a b s o r p t i o n  bands .  
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(i) The pure r o t a t i o n a l  band, w i t h  l i n e s  d i s t r i b u t e d  from 
t h e  micro-wave r e g i o n  t o  20 p. Between 10 and 20 p. 
t h e  a b s o r p t i o n  i s  due p a r t l y  t o  weak a b s o r p t i o n  l i n e s  
i n  t h e  i n t e r v a l  and p a r t l y  due t o  t h e  wings of d i s t a n t  
l i n e s .  
( ii) The v2 band nea r  6.3 p.. Again t h e  wings of l i n e s  i n  
t h i s  band g ives  cons ide rab le  a b s o r p t i o n  a t  l e a s t  ou t  
t o  LO p a  
Lines of i s o t o p i c  molecules a r e  a g a i n  impor t an t .  
( c )  Ozone is  a l s o  an  asymmetric molecule wi th  complicated band 
s t r u c t u r e s .  The two impor tan t  a b s o r p t i o n  r e g i o n s  a r e :  
( i )  The 9.6 p bands, which c o n s i s t  of two bands, t h e  v1 and 
v3 fundamentals,  cen te red  a t  1110 cm’l and 1043 cm‘l 
r e s p e c t i v e l y .  
( ii) A weaker 1 4  p band, i d e n t i f i e d  a s  t h e  v2 band, 
For each  molecule t h e r e  a r e  many more molecular a b s o r p t i o n  bands i n  
t h e  i n f r a r e d  but  t h e s e  a r e  e i t h e r  t o o  weak or occur a t  f r e q u e n c i e s  which 
a r e  t o o  h igh  t o  in f luence  t h e  long-wave r a d i a t i v e  t r a n s f e r  e 
some of t h e  even less  abundant atmospheric c o n s t i t u e n t s  e . g . ,  CH4, N 2 0  
have s t r o n g  abso rp t ion  bands, b u t  t h e i r  mixing r a t i o  i n  t h e  atmosphere 
i s  s o  low t h a t  they d o  not c o n t r i b u t e  s i g n i f i c a n t l y  t o  atmospheric r a d i a -  
t i v e  t r a n s f e r .  
S i m i l a r l y ,  
To apply the  methods developed i n  t h e  p rev ious  c h a p t e r  it i s  e s s e n t i a l  
t o  know t h e  frequency, i n t e n s i t y  and Lorentz ha l f -wid th  of t h e  a b s o r p t i o n  
l i n e s .  A s  i n d i c a t e d  e a s i l e r ,  a sound knowledge of t h e  band s t r u c t u r e  i s  
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o f t e n  l ack ing ,  even for  t h e  common atmospheric  abso rb ing  molecules .  The 
s t a t e  of knowledge of t h e s e  bands o u t l i n e d  above w i l l  now be examined. 
( a )  Carbon d iox ide .  The l i n e a r i t y  of t h i s  molecule makes it com- 
p a r i t i v e l y  easy  t o  handle  t h e o r e t i c a l l y  and t h e  l i n e  p o s i t i o n s  and r e l a t i v e  
i n t e n s i t i e s  of t h e  i n d i v i d u a l  bands can be r e a d i l y  c a l c u l a t e d .  
( i )  The 15 p bands.  These important  bands have been i n t e n s i v e l y  
s t u d i e d ,  bo th  t h e o r e t i c a l l y  and expe r imen ta l ly .  Although 
t h e  s t r u c t u r e  of t h e  i n d i v i d u a l  bands is s imple,  t h e i r  
over lapping  makes it d i f f i c u l t  t o  determine t h e  r e l a t i v e  
i n t e n s i t i e s  of  t h e  bands,  and even t h e  t o t a l  band i n t e n s i t y .  
Knowledge of v a r i a t i o n  of Lorentz  h a l f  -width w i t h  r o t a t i o n a l  
quantum number i s  incomplete ,  p a r t i c u l a r l y  f o r  a i r  o r  
n i t r o g e n  broadening.  Despi te  t h e s e  d i f f i c u l t i e s  t h e o r e t i c a l  
c a l c u l a t i o n s  show good agreement w i t h  l a b o r a t o r y  s p e c t r a  
(Drayson -- e t  a l . ,  1967) and atmospheric  r ad iances  (Chaney 
-- e t  a l . ,  1967) 
(ii) The 4.3 IA bands.  The somewhat s impler  s t r u c t u r e  of t h e s e  
bands make t h i s  reg ion  e a s i e r  t o  i n v e s t i g a t e ,  and s a t i s f a c t o r y  
agreement between t h e o r e t i c a l  and exper imenta l  d a t a  e x i s t s  
(Gray, 1965). Larger e r r o r s  can be t o l e r a t e d  i n  t h i s  
s p e c t r a l  r eg ion ,  s i n c e  t h e  thermal  energy i s  low a t  atmos- 
phe r i c  tempera tures .  
(b') Water vapor i s  a non-l inear  molecule which has been i n v e s t i g a t e d  
i n t e n s i v e l y  i n  r e c e n t  y e a r s .  
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( i )  The pure r o t a t i o n a l  band. Line p o s i t i o n s ,  i n t e n s i t i e s  and 
Lorentz half-widths  have been c a l c u l a t e d  by Benedict  and 
Kaplan. Q u a l i t a t i v e  agreement wi th  exper imenta l  d a t a  i s  
good, a l though t h e  amount of a b s o r p t i o n  i s  n o t  always i d e n t i -  
c a l .  The use of modified l i n e  shapes,  i n  p a r t i c u l a r  t h e  
Van Y4ecknWeisskop.f l i n e  shape, may l e a d  t o  improvement, 
p a r t i c u l a r l y  i n  t h e  r e g i o n  between 10 and 20 p. 
( i i )  The 6.3 p band. T h i s  band has rece ived  comparat ively l i t t l e  
t h e o r e t i c a l  i n v e s t i g a t i o n  and r e s u l t s  a r e  inconclus ive  
a t  t h e  present  t i m e .  
( c )  The t h e o r e t i c a l  and exper imenta l  d i f f i c u l t i e s  of determing water  
vapor a b s o r p t i o n  apply even more t o  ozone. The d i f f i c u l t i e s  and dangers  
of g e n e r a t i n g  the gas  have d e t e r e d  most i n v e s t i g a t o r s ,  and f o r  many years  
some of t h e  bands were i n c o r r e c t l y  i d e n t i f i e d .  Q u a n t i t a t i v e  measurements 
have been made by Walshaw (1957) and by McCaa & Shaw (1967). 
( i )  The 9.6 p bands.  Line p o s i t i o n s  and i n t e n s i t i e s  i n  t h i s  
reg ion  have been c a l c u l a t e d  by Kaplan (1956) and by Clough 
andKneizys (1965); u n f o r t u n a t e l y  n e i t h e r  g i v e s  agreement 
wi th  exper imenta l  s p e c t r a .  More work i s  r e q u i r e d  on t h i s  
extremely d i f f i c u l t  molecule .  
The 14 CI band has been measured q u a n t i t a t i v e l y  fo r  t h e  
f i r s t  time by McCaa and Shaw (1967). 
has been publ i shed .  
( i i )  
N o  t h e o r e t i c a l  work 
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Thus, a t  t h e  p r e s e n t  t i m e  t h e  15 p bands of carbon d iox ide  a r e  b e s t  
unders tood .  The d i s t r i b u t i o n  of carbon d iox ide  w i t h  a l t i t u d e  has been 
measured f r e q u e n t l y  and t h e  r e s u l t s  show t h a t  t h e  mixing r a t i o  i s  approxi -  
mately c o n s t a n t ,  excep t  c l o s e  t o  t h e  s u r f a c e .  ( B o l i n  and Keel ing  1963). 
These a r e  sma l l  v a r i a t i o n s  wi th  l a t i t u d e  and nea rness  t o  l and  masses, a s  
w e l l  a s  a slow i n c r e a s e  wi th  t ime. T h i s  presumably holds  t r u e  up t o  t h e  
a l t i t u d e  where carbon d iox ide  begins t o  d i s s o c i a t e  a t  about  100 km, a l -  
though no measurements are a v a i l a b l e  t o  suppor t  t h i s  suppos i t i on .  I n  t h e  
s t r a t o s p h e r e ,  mesosphere and mesopause r e g i o n s ,  carbon d iox ide  i s  t h e  
p r i n c i p a l  abso rbe r  of lone-wave r a d i a t i o n ;  i n  the t roposphe re  i t s  rela- 
t i v e  r o l e  g r a d u a l l y  d e c r e a s e s  and i s  dwarfed by water vapor nea r  t h e  
s u r f a c e  (Mb'ller , 1963 ) . 
The d i s t r i b u t i o n  of water vapor i s  ex t remely  v a r i a b l e  and i s  n o t  
known wi th  any c e r t a i n t y  above the tropopause (Newell ,  1967). Whatever 
i t s  d i s t r i b u t i o n ,  it i s  very important i n  t h e  t roposphe re ,  p a r t i c u l a r l y  
nea r  t h e  su r face ,  and l e s s  important a t  h ighe r  a l t i t u d e s .  The in f luence  
of t h e  6 .3  p water vapor band i s  sma l l  compared t o  t h a t  of t h e  r o t a t i o n a l  
band (Kuhn, 1966). 
The s i t u a t i o n  a s  r ega rds  ozone i s  d i scourag ing .  The atmospheric 
a b s o r p t i o n  i n  t h e  14 p band i s  weak and i s  masked by t h e  s t r o n g  ab- 
s o r p t i o n  of t h e  15 p C02 bands .  
moderately s t r o n g  and f a l l s  i n  an o therwise  l a r g e l y  t r a n s p a r e n t  r eg ion  
of t h e  spectrum. 
t h a t  it provides  an  important cooling mechanism i n  t h e  upper s t r a t o s p h e r e ,  
The 9.6 p atmospheric a b s o r p t i o n  i s  
C a l c u l a t i o n s  by P l a s s  (1936a) and Kuhn (1966) i n d i c a t e  
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f a l l i n g  o f f  qu i t e  r a p i d l y  above and below t h i s  l e v e l .  
I n  t h e  remaining p a r t  of t h i s  chap te r  t h e  coo l ing  due t o  t h e  15 p 
bands carbon dioxide i n  t h e  mesosphere, mesopause and lower thermosphere 
w i l l  be i n v e s t i g a t e d .  It i s  c l e a r  from t h e  preceding  d i s c u s s i o n s  t h a t  
t h i s  i s  t h e  dominant band a t  t h e s e  a l t i t u d e s ,  a s  well a s  be ing  t h e  one 
wi th  t h e  b e s t  understood s t r u c t u r e .  
i s  b e t t e r  known than  O3 or  water vapor.  
1966, ICondrat'yev -- e t  a l . ,  1966) have ind ica t ed  t h a t  COP is r e s p o n s i b l e  f o r  
some atmospheric h e a t i n g  a t  t h e  mesopause l e v e l  and t h e  c a l c u l a t i o n s  t o  
be desc r ibed  were designed t o  confirm o r  r e j e c t  t h e s e  r e s u l t s .  A p o i n t  
of f u r t h e r  i n t e r e s t  l i es  i n  t h e  e v a l u a t i o n  of a source  f u n c t i o n  i n  t h e  
mesopause and lower thermosphere, where s i g n i f i c a n t  d e v i a t i o n s  from t h e  
Planck b l a c k  body func t ion  occur .  
I n  a d d i t i o n  t h e  c o n c e n t r a t i o n  of C02  
Moreover, r e c e n t  r e s u l t s  (Kuhn 
3 . 2  EQUATIONS FOR THE SOURCE FUNCTIONS IN THE UPPER ATMOSPHERF: 
For a gas  t h a t  i s  i n  thermodynamic e q u i l i b r i u m  it i s  w e l l  known t h a t  
t h e  source func t ion  i s  g iven  by t h e  Planck black-body f u n c t i o n  
B( v , T )  = 2hv3/c2 [exp (hv /kT) - l ]  (2 .2 .1 )  
where 
h i s  t h e  Planck c o n s t a n t  
k i s  t h e  Boltzmann c o n s t a n t  
c i s  t h e  v e l o c i t y  of l i g h t  i n  vacuum 
and 
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T i s  t h e  a b s o l u t e  temperature 
I n  t h e  atmosphere,  where r a d i a t i v e  h e a t i n g  o r  coo l ing  i s  t a k i n g  p l ace ,  
s t r i c t  thermodynamic equ i l ib r ium is  not  maintained and t h e  source f u n c t i o n  
i s  not  e q u a l  t o  t h e  ETanck f u n c t i o n .  However,, f o r  much of t h e  e a r t h '  s 
atmosphere t h e  d e v i a t i o n  from the Planck f u n c t i o n  is  s l i g h t ,  and t h e  f l u x e s  
may be c a l c u l a t e d  from t h e  equat ions  of  t h e  previous chap te r ,  assuming 
e q u a l i t y  between t h e  two f u n c t i o n s .  
Near t h e  mesopause, however, f o r  t h e  15 1-1 CO? bands t h e  d i f f e r e n c e s  
become l a r g e r  and t h e  e r r o r s  induced by assuming e q u a l i t y  become s e r i o u s  
( C u r t i s  and Goody 1956). 
f o r  a C 0 2  molecule i n  thermodynamic e q u i l i b r i u m  t h e  v i b r a t i o n a l  energy 
i s  d i s t r i b u t e d  over t h e  v i b r a t i o n a l  s t a t e s  accord ing  t o  a Boltzmann d i s -  
t r i b u t i o n .  I n  t h e  non-eqEilibrium c a s e ,  t h e  Boltzmann d i s t r i b u t i o n  i s  
d i s t u r b e d  by t h e  ga in  o r  loss of r a d i a n t  energy.  If molecular  c o l l i s i o n s  
a r e  s u f f i c i e n t l y  f r equen t  t h e  v i b r a t i o n a l  energy r e g a i n s  i t s  Boltzmann 
d i s t r i b u t i o n  by loss or g a i n  from t r a n s l a t i o n a l  energy .  However, t h e r e  
i s  a p o s s i b i l i t y  t h a t  an  exc i ted  molecule may re -emi t  i t s  energy be fo re  
t h e  e q u i l i b r i u m  process  can be completed. These two mechanisms a r e  charac-  
t e r i s e d  by two t ime c o n s t a n t s ,  t h e  former be ing  t h e  r e l a x a t i o n  t ime h, 
t h e  l a t t e r  t h e  r a d i a t i v e  life-time 8. The same i s  t r u e  f o r  t h e  r o t a t i o n a l  
- 
The exp lana t ion  f o r  t h e  breakdown i s  a s  fo l lows :  
energy s t a t e s .  
If h << 8 ,  a d i s t r i b u t i o n  c l o s e  t o  t h e  Boltzmann d i s t r i b u t i o n  i s  a t -  
t a i n e d  and t h e  Planck func t ion  becomes a good approximation * Conversely 
if 8 << h very  l i t t l e  c o l l i s i o n a l  exchange of energy w i l l  occur and t h e  
50 
atmosphere w i l l  a c t  a s  pure s c a t t e r i n g  atmosphere. 
extremes b o t h  processes a r e  impor tan t  and some a l t e r n a t i v e  form f o r  t h e  
source  func t ion  must be found. The problem i s  complicated because t h e  
source  func t ion  depends on t h e  r a d i a t i o n  f i e l d ,  which i n  t u r n  depends on 
t h e  source  func t ion .  
Between t h e s e  two 
Laboratory measurements have shown t h a t  t h e  r o t a t i o n a l  r e l a x a t i o n  
t i m e  i s  approximately t h r e e  o r d e r s  of magnitude l e s s  t h a n  t h e  v i b r a t i o n a l  
r e l a x a t i o n  time of  t h e  v2 C 0 2  band, s o  t h a t  l e v e l s  where v i b r a t i o n a l  
r e l a x a t i o n  begins t o  become impor tan t  a Boltzmann d i s t r i b u t i o n  over t h e  
r o t a t i o n a l  energy l e v e l s  may st i l l .  be assumed R o t a t i o n a l  r e l a x a t i o n  
never becomes important i n  t h e  e a r t h '  s atmosphere, because t h e  molecule 
i s  d i s s o c i a t e d  a t  t h e  l e v e l  around 120 k m  where t h e  r a d i a t i v e  l i f e t i m e  
and t h e  r o t a t i o n a l  r e l a x a t i o n  t ime would become comparable ( C u r t i s  and 
Goody, 1956). 
The f i r s t  d e r i v a t i o n  of an  e q u a t i o n  for t h e  source  f u n c t i o n  i n  t h e  
e q r t h ' s  upper atmosphere f o r  t h e  i 5  p C02 bands was made by C u r t i s  and 
Goody (1936), i n  a paper t h a t  has become a c l a s s i c  i n  t h e  f i e l d .  They 
assumed a simple harmonic o s c i l l a t o r  model i n  which t h e  r o t a t i o n a l  energy 
l e v e l s  have a Boltzmann d i s t r i b u t i o n .  The e q u a t i o n  of r a d i a t i v e  t r a n s f e r  
was w r i t t e n  i n  terms of E i n s t e i n  t r a n s i t i o n  p r o b a b i l i t y  c o e f f i c i e n t s  and 
r e l a t e d  t o  t h e  number d e n s i t y  of v i b r a t i o n a l  quanta,  E .  The t r a n s f e r  of 
energy  between t h e  v i b r a t i o n a l  and t r a n s l a t i o n a l  modes was t a k e n  i n t o  
account by use of  t h e  equa t ion  
where 'E i s  t h e  va lue  of E when t h e  v i b r a t i o n a l  e n e r g i e s  have a Boltzmann 
d i s t r i b u t i o n .  The f i n a l  form of t h e  e q u a t i o n  r e l a t i n g  t h e  f l u x  divergence 
and t h e  source f u n c t i o n  i s  
where S is  t h e  band i n t e n s i t y .  
Kuhn (1966) der ived  t h e  source f u n c t i o n  i n  a r a t h e r  d i f f e r e n t  way, 
analogous t o  t h e  two l e v e l  atom problem i n  a s t r o p h y s i c s .  He  determined 
t h e  r a t i o  of t h e  populat ions of t h e  0 and 1 energy l e v e l s  of t h e  C02 mole- 
c u l e  and showed f u r t h e r  t h a t  t he  i n f l u e n c e  of a t h i r d  leve l  could be  neg- 
l e c t e d  f o r  carbon d ioxide  i n  the e a r t h ' s  upper atmosphere.  The der ived  
e q u a t i o n  i s  i d e n t i c a l  t o  t h a t  of C u r t i s  and Goody, expressed i n  Eq. ( 3 . 2 . 3 ) .  
An equat ion  f o r  t h e  source f u n c t i o n  has a l s o  been obta ined  by Shved 
(1965a) ,  u s i n g  gas  k i n e t i c  equat ions,  and t a k e s  t h e  form 
Hhexp( hvo/kT) 
N 3 
where 
vo i s  t h e  frequency of t h e  band c e n t e r ,  
go and gl a r e  t h e  s t a t i s t i c a l  weights  of t h e  lower and upper l e v e l s  
r e s p e c t i v e l y  , 
H i s  t h e  f l u x  divergence i n  quanta cmW3 s e c - l  
and 
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N i s  t h e  number d e n s i t y  of abso rb ing  molecules .  
T h i s  expres s ion  
be changed us ing  t h e  approximation 
a p p a r e n t l y  has a d i f f e r e n t  form from Eq. (3.2.3) b u t  can 
(3 .2 .5 )  
T h i s  approximation i s  used i n  a l l  t h r e e  d e r i v a t i o n s  and in t roduces  a maxi- 
mum e r r o r  of about 246 i n  B .  Shved ' s  Equation (3.2.3), becomes 
(3 .2 .6)  
The r a . d i a t i v e  l i f e t i m e  8 i s  r e l a t e d  t o  t h e  t o t a l  band i n t e n s i t y  S by 
t h e  fo l lowing  equat ion  
go yo2 €I-' = & -7 S 
g l  c 
(302.7) 
( M i t c h e l l  and Zermansky 1934, Penner 1959) - 
Eq. (3 .2 .6 )  i s  obta ined ,  i . e . ,  t h e  same equa t ion  for t h e  source  f u n c t i o n  i s  
obta ined  in each of  t h e  t h r e e  c a s e s .  It should be noted ,  however, t h a t  
bo th  C u r t i s  and Goody, and Kuhn neg lec t ed  t o  inc lude  t h e  f a c t o r  of t h e  r a t i o  
of s t a t i s t i c a l  weights i n  Eq. ( 3 . 2 . 7 ) .  
s o  t h a t  t h e  f i n a l  equa t ions  a r e  i n  e r r o r  by a f a c t o r  of 2 .  
l e n t  t o  u s i n g  v i b r a t i o n a l  r e l a x a t i o n  t imes  of tw ice  t h e  nominal va lues  
quoted i n  t h e i r  pape r s .  When r e f e r r i n g  t o  t h e i r  r e s u l t s  t h i s  c o r r e c t i o n  
w i l l  be au tomat i ca l ly  a p p l i e d .  Although a f a c t o r  of two appea r s  t o  be 
an important q u a n t i t y t h e  u n c e r t a i n t y  of an  order  of magnitude i n  t h e  r e l a x a -  
t i o n  t i m e  h prevents  a more a c c u r a t e  de t e rmina t ion  of f l u x  divergence, a s  d i s -  
S u b s t i t u t i n g  i n t o  Eq.  (3.2.3),  
For  t h e  C 0 2  fundamental ,  gl = 2g0, 
T h i s  i s  equiva- 
5 ,  
cbssed l a t e r .  The methods of d e r i v i n g  t h e  e q u a t i o n  f o r  t h e  sou.r,ce fi iQ-tion 
employed by Shved and Kuhn a r e  basiea1.l.y t h e  same, and a r e  aLso conta ined  
i n  Kondrat 'yev (1965', 
l a t o r  model used by C 1 3 r t . i s  and Soody; t h e  : .at ter r e p r e s e n t s  a s i m p l i c i - a -  
t i o n  of t h e  energy s t a t e s  of t h e  molecule .  but, r e t a i n s  rxany e s sen t . i a ,  
f e a t u r e s ,  so  t h a t  t h e  equat ion;  ob ta ined  i n  each  d e r i v a t i o n  a r e  ident . i ra i  
They d2 not, depend m t h e  sir .ple harrnoni? o c , c ~ l -  
A r a t h e r  1-arge number of assumptions and approximations i n  add i t i o n  
t o  t h o s e  a l r e a d y  mentioned ha1re been made i n  t h e  de r i i r a t ions  2f equat, i? 
The more important  of t h e s e  a r e :  
( i )  It has been  assumed t h a t ,  i n  t h e  reg ions  of t h e  at,mosFhere where 
d e v i a t i o n s  from K i r c h o f f '  s law become impor tan t ,  t h e  l i n c s  of t h e  i n d i v i d u a l  
bands a r e  n o n - x e r i a p p i n g .  This  p r e s e n t s  no d i f f i m i . t y  s i n c e  t h e  1 i n e s  
i n  s h e  e a r t h ' s  mesosphere and above a r e  very  n a r r  d ,  and no appreciab1.e 
o v e r l a p  occ~c r s ,  even i n  t h e  %-branches where t h e  s p a r i n g  LS l e a s t  
(ii) The source  func-t,ion cr( v 9 T )  has  been approximated by J( do,T)  
where vo i s  t h e  c e n t e r  G f  t h e  band, i . e . ,  it has been assumed indegendent 
of f requency within t h e  conf ines  of t h e  band ,  In p a r t i c u l a r  t h i s  i m p l i e s  
t h a t  t h e  E a n c k  f u n c t i o n  is  r e p l a r e d  by a f reauency  independent funct, ion 
over  t h e s e  f r e q u e n c i e s .  Fort ,unately,  t h e  FLanck f u n c t i o n  v a r i e s  n i 3 ~ l y  
w i t h  frequency i n  t h e  I5 r e g i o n  a t  mesospheric temperature:  Hokever. 
t h e  e f f e r t  on +,he acl-uracy of t h e  cai.cuLat,ions 19 d i f f i c u l t  tc a s  ies:, . 
It i s  b e t t e r  t,Q look m %hi-, approxima+,ion a s  one which makes t h e  c a l x ; . s -  
t i o n  p o s s i b i e  a t  t , h i s  t ime and accept  i t  unt i l .  a m d r e  cQmplere soJu:,;m 
can be found'  
(iii) The e q u a t i o n s  apply  t o  a s i n g l e  band only ,  and t h e n  only t o  
t h e  fundamental .  Th i s  f a c t  has some important i m p l i c a t i o n s .  
( a )  The equa t ions  cannot, be a p p l i e d  t o  t h e  weaker over tone  bands,  
some of which a r e  important i n  and above t h e  mesosphere. 
The equa t ions  a r e  v a l i d  f o r  t h e  fundamentals of t h e  molecules ( b )  
w i t h  t h e  Less common carbon and oxygen i s o t o p e s ,  These 
molecules p lay  a much more impor tan t  r o l e  i n  r a d i a t i v e  
t r a n s f e r  t h a n  t h e i r  r e l a t i v e  abundance would sugges t  The 
over tone  bands of t h e s e  isot,opes a r e  n o t  s i g n i f i c a n t  
( c )  Where l o c a l  thermodynamic e q u i l i b r i u m  b reaks  down t h e r e  
i s  no s i n g l e  source  f u n c t i o n  a p p l i c a b l e  t o  a l l  bands,  b u t  
a d i f f e r e n t ,  one must be de r ived  f o r  each  i n d i v i d u a l  band. 
I n  gene ra l ,  t h e  l e v e l  a t  which d e v i a t i o n s  from t h e  Planck 
black-body f u n c t i o n  become s i g n i f i c a n t  w i l l  vary from band 
t o  band, and w i l l  be expanded upon l a t e r .  
and ( 2 ~ ~ 6 )  t h e  expres s ion  f o r  t h e  source  f u n c t i o n  becomes 
Using Eq.  (30201) 
( 3 ~ 8 )  
The dependence on t h e  r a t i o  h/Q has no74 reappeared s i n c e  t h e  absorp- 
t ion  c o e f f i c i e n t  k, i n  t h e  in t eg rand  is  p r o p o r t i o n a l  t o  t h e  band i n t e n s i t y  
S and t h e r e f o r e  p ropor t iona l  t o  l/Q. T h i s  means t h a t  t h e  source  f u n c t i o n  
t o r  t h e  band i s  determined s o l e l y  by t h e  r a t i o  h/Q and t h e  a tmospher ic  
s t r u c t u r e  parameters, al.1 o t h e r  q u a n t i t i e s  be ing  c o n s t a n t  f o r  t h e  band a 
I 
I 
I 
I 
I 
1 
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T o  ob ta in  t h e  f l u x  divergence t h e  source  f u n c t i o n  i s  eva lua ted  from 
Eq.  (3.?.8) 
expressed a s  a l i n e a r  sum o f  source f u n c t i o n s  a t  a l l  l e v e l s  i n  t h e  atmos- 
I n  S e c t i o n  2.4.2 it was shown t h a t  t h e  i n t e g r a l  could be 
phere .  A t  each  l e v e l  i t h e  source f u n c t i o n  can be expressed  a s  
T h i s  s e t  of N l i n e a r  simultaneous equa t ions  may be so lved  f o r  t h e  N un- 
k.nowns J1' I o ',Jn0 The s 9 l u t i o n  p r e s e n t s  no p a r t i c u l a r  numerical  d i f f i c u l . t y ,  
a t  Least  i n  t h e  cases  encountered i n  t h e  c a l c u l a t i o n s  made he re .  A double 
ba.ck s u b s t i t u t i o n  method was employed, u s i n g  a l i b r a r y  sub rou t ine  of t h e  
U n i v e r s i t y  of Michigan Computing Cen te r .  Another sub rou t ine  ( a  Gauss- 
Jordan  r educ t ion  wi th  a complete p i v o t a l  s t r a t e g y )  gave almost  i d e n t i c a l  
r e s u l t s  I 
The f l u x  divergence may be eva lua ted  from Eq. (3 .2 .6)  o r  Eq. (2*le6), 
once t h e  source f u n c t i o n s  have been ob ta ined .  Using b o t h  equa t ions  pro- 
v ides  a good check on t h e  accuracy of s o l u t i o n  of t h e  l i n e a r  e q u a t i o n s .  
The h e a t i n g  r a t e s  ob ta ined  f r o m  tahe two equa t ions  were very c l o s e ,  except  
a t  high p r e s s u r e s ,  where h i s  sma l l .  Under t h e s e  cond i t ions  J and B a r e  
a lmost  i d e n t i c a l ,  i .e l o c a l  thermodynamic e q u i l i b r i u m  e x i s t s ,  and t h e  
accuracy wi th  which t h e  numerical  va lue  of t h e s e  f u n c t i o n s  can be  r e p r e -  
sen ted  i n  t h e  computer produces a l a r g e  r e l a t i v e  e r r o r  i n  t h e i r  d i f f e r e n c e o  
It i s  be t te r  t o  c a l c u l a t e  flux divergence u s i n g  Eq.  ( 2 0 1 q 6 )  a t  high p res -  
s u r e s  
For t h e  r easons  out,l.ine i n  Sec t ion  2 0 4 , 2  t h e  f i n i t e  d i f f e r e n c e  fcr-. 
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mula t ion  of the  f l u x  d ivergence  i s  p re fe r r edand  Eq. (2.4.6) -3 use  
p lace  of Eq. (2 . .1 -*6)~  
t o  be t h a t  of t h e  mid p o i n t  where, because of t h e  l i n e a r i t y  of J and B,  
t h e  source  func t ion  and Planck  f u n c t i o n  have a va lue  e q u a l  t o  t h e  average 
of t h e  v a l u e s  a t  t h e  boundar ies .  The system of l i n e a r  Equat ions  (3.2.11) 
i s  r ep laced  by a s l i g h t l y  modified system i n  t h e  form 
i n  
The f l u x  d ivergence  i n  t h e  i t h  l a y e r  i s  assumed 
( 3  "2 .lo) 
T h i s  number of unknowns i s  now N + 1, w i t h  only N e q u a t i o n s  t o  determine 
them. A f u r t h e r  c o n d i t i o n  i s  t h a t  a t  t h e  su r face  t h e  source  f u n c t i o n  i s  
i d e n t i c a l  t o  the Planck f u n c t i o n ,  i . e . ,  
BN f JN 
I n  t h e  e a r t h ' s  atmosphere no d i f f i c u l t y  a r i s e s  from t h i s  assumption be- 
cause almost any r easonab le  va lue  of JN l e a v e s  t h e  c o o l i n g  i n  t h e  upper 
atmosphere unchanged e Otherwise t h e  s o l u t i o n  proceeds i n  e x a c t l y  t h e  same 
way 
The equa t ions  f o r  t h e  source  f u n c t i o n  have been de r ived  on t h e  a s -  
sumption t h a t  the  a b s o r p t i o n  l i n e s  i n  t h e  mesosphere and above a r e  non- 
over lapping .  I n  t h e  mesosphere Doppler broadening  dominates t h e  l i n e  s 
shape, where t h e  Doppler ha l f -wid th  i s  approximately 6 x cmY1- The 
r e g i o n  of t h e  15 p C02 bands nea r  668 cm-'' has t h e  h i g h e s t  l i n e  d e n s i t y ,  
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cont ,a ining t h e  Q-branche; o f  the  laCr60:, - fundamental  and some Jve r tones  
The l i n e  spac ing  i s  ajpsJxin?ately i x LC-? CF-'-, s o  t h a t  non-overlapping 
i s  a v a l i d  a s s u m p i m a  I n  t h e  r eyosphe re  much 9 the  i n c i d e n t  r a d i a t i o n  
f i e l d  org ina te i ;  fr-?m t h e  t r q a s p h e r e  dhere . iver ia&&ing i s  importantso Never- 
t h e l e s s ,  t h e  flux divergence a t  t h e  upper i.e.rei> ,-an be a r c u r a t e l y  computed 
on t h e  assumption t h a t  t h e  l i n e s  a r e  non-overlapping throughout  t h e  atmos- 
phere .  I n  Ea_> (2 J1 .6) t h e  express ion  f o r  f l u x  divergence con ta ins  t h e  
weigh+,ing f a c t o r  F, i n  t h e  in tegrand;  away f r D m  t h e  Line c e n t e r s  k,, i s  
zero ,  b u t  near  t h e  : ine c e n t e r ,  where k ,  is l a r g e ,  t h e  a b s x p t i o n  is  -am.. 
p l e t e  w e l l  above t h e  leverels where oveslaFping i s  s i g n i f i c a n t  un le s s  t h e  
l i n e  i s  extremely weak and i n e f f e c t i v e  i n  r a d i a t i v e  t r a n s f e r .  
1964) 
( G f  Shved, 
1, a q  CALCULATTON DETATL" 
For each abso rp t ion  band i n  the  mesosphere, t h e  t o t a l  f l u x  divergence 
was e x p e s s e d  a s  t h e  sum of the  f lux divergence, f o r  t h e  i n d i v i d u a l  , ines  
13 each  of t h e  Q and R branches of t h e  bands,  v a r i a t i o n s  from l i n e  t o  
l i n e  were f L m d  t.0 De sma i i ,  so t h a t  ea l . ,ou la t im af eve ry  t h i r d  r o t a t i o n a l  
Level provided su f f i c i en t ,  accbracy wi th  a r m s i d e r a b l e  sav ing  i n  c o m p t i n g  
t. i m e  
The m J s t  . , qce r t a in  Larameter i s  t h e  1ribrationa.L r e l a x a t i o n  t ime h. 
Experimental ly  it i s  d i P f i c u J t  f 3 determine,  e s p e c i a l l y  f o r  t ,he tempera tures  
encountered near  t h e  mesol;-aL,se and t h e o r e t i c a i  e s t i m a t i o n s  of h d o  not  
produce agreenent  d i t h  e x p r  imental d a t a -  A complete d i ;cuss ion ,  in-. 
58 
c 1.u ing t h e  poss ib l e  c a t a l y t i c  e f f e c t  of water vapor -s given by Shved 
( i 9 6 5 a )  
s e c  a t  1 atmosphere and about  200°K. 
on t h e  frequency of molecular c o l l i s i o n s ,  h i s  i n v e r s e l y  p r o p o r t i o n a l  t o  
p re s su re  p. 
The value of x prcbably l i e s  wi th in  t h e  range 2 x t o  2 x lom5 
S ince  t h e  r e l a x a t i o n  t i m e  depends 
After t h e  coo l ing  r a t e  c a l c u l a t i o n s  had been made, a paper by Read 
(1965) was brought t o  t h e  a u t h o r ' s  a t t e n t i o n .  
t ine  f o r  c02-c02 co l l . i s ions  i s  approximately 6 x 
280°K. The va lues  used here  (between 2 x and 2 x s e c s )  b r a c k e t  
t h i s  r e s u l t .  The presence of sma l l  amounts of water  vapor s i g n i f i c a n t l y  
reduces  t h e  r e l a x a t i o n  t i m e .  
The v i b r a t i o n a l  r e l a x a t i o n  
s e c  a t  1 atm and 
The va lues  f o r  C02-N2 c o l l i s i o n  i s  n o t  g iven .  
The concen t r a t ion  of carbon d iox ide  was assumed t o  be c o n s t a n t  up t o  
120 km a t  .314 per  c e n t  by volume, b u t  t h e  c a l c k l a t e d  h e a t i n g  r a t e s  a r e  
no t  s e n s i t i v e  t o  sma l l  changes,  C02 s t a r t s  t o  d i s s o c i a t e  a t  about  100 
km ( C u r t i s  and Goedy, 1956) Y O  t h a t  r a d i a t i v e  h e a t i n g  r a t e s  above t h i s  
l e v e l  a r e  u n c e r t a i n .  The e f f e c t  on h e a t i n g  r a t e s  lower i n  t h e  atmosphere 
i s  unimportant,  a s  shown by t e s t  c a l c u l a t i o n s .  
Because the  primary i n t e r e s t  i n  t h i s  c a l c u l a t i o n  was on t h e  behav io r  
nea r  t h e  mesopause, t h i n  l a y e r s  were used between 70 and 90 km ( a b o u t  2 
km), and r a t h e r  t h i c k e r  l a y e r s  e l sewhere  ( 5  km i n  t h e  thermosphere and 
mesosphere). Layers of 5 lun. t h i c k n e s s  i n  t h e  r e g i o n  of t h e  mesopause 
were found t o  d i s t o r t  t h e  coo l ing  r a t e s  a t  t h e s e  l e v e l s .  
The band parameters ( l i n e  p o s i t i o n s ,  i n t e n s i t i e s  and Lorentz h a l f -  
wid th)  used i n  t h e  c a l c u l a t i o n s  a r e  t a k e n  from Drayson and Young (1966) 
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and Drayson -- e t  a l . ,  (1967). 
a t  atmospheric tempera tures .  
g iven  i n  Table  11, wi th  t h e i r  abundance r e l a t i v e  t o  12C1602. The va lue  
of t h e  Lorentz ha l f -wid th  used was 0.08 cm-l a t  1 atm and 300'K. T h i s  
va lue  i s  somewhat unce r t a in ,  b u t  a t  mesopheric p r e s s u r e s  t h e  l i n e s  a r e  
predominantly Doppler broadened, and e r r o r s  i n  t h e  Lorentz ha l f -wid ths  
a r e  no t  s i g n i f i c a n t  . 
Table I l i s t s  a l l  t h e  bands which a r e  important 
The most common of t h e  C02  molecules a r e  
The i n t e n s i t i e s  of t h e  weak bands i n  t h e  15 p r e g i o n  a r e  a l s o  un- 
c e r t a i n ,  p a r t i c u l a r l y  those  which a r e  overlapped by s t r o n g l y  absorb ing  
bands .  However, t h e i r  r o l e  i n  r a d i a t i v e  t r a n s f e r  near  t h e  mesopause i s  
sma l l ,  l a r g e l y  a r e s u l t  of t h e i r  r a p i d  decrease  i n  i n t e n s i t y  wi th  dec reas ing  
t empera tu re .  T h i s  po in t  w i l l  be d i scussed  more f u l l y  when t h e  r e s u l t s  
of t h e  c a l c u l a t i o n s  a r e  presented .  
3.4 RESULTS OF CALCULATIONS AND COMPARISON WITH PREVIOUS RESULTS 
3.4.1 Cooling Rates  f o r  Model Atmospheres 
Rad ia t ive  t r a n s f e r  c a l c u l a t i o n s  a r e  f r e q u e n t l y  a p p l i e d  t o  s t anda rd  
or model atmospheres, which a r e  important because they  r e p r e s e n t  average  
tempera ture  p r o f i l e s  and a r e  not encumbered wi th  f i n e  s t r u c t u r a l  d e t a i l s .  
Many r a d i a t i v e  t r a n s f e r  models a r e  not  capable of r e p r e s e n t i n g  such f i n e  
s t r u c t u r e  and t h i s  provides an  a d d i t i o n a l  r eason  f o r  u s i n g  t h e  smooth 
p r o f i l e s .  
The c a l c u l a t i o n s  f o r  t h e  U .  S. Standard  Atmosphere (1962) demonstrate 
many of t h e  f e a t u r e s  common t o  a l l  model atmospheres a t  t h e  mesosphere 
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T A B U  I 
BAND INTENSITIES USED I N  CALCULATING ROTATIONAL LINE INTENSITIES 
(From Drayson e t  a l . ,  1967) 
k- ve 1 Band Center  I n t e n s i t y  
Lower Upper (1% 1632) (cm-l( atm cm)-l a t  300"~) 
1 000 : 0 010 : 1 667.379 194 
3 010 : 1 100 : 0 720.808 6.2 
4 010 : 1 020:2 667.750 15 .o 
5 020 : 0 030 : 1 647.054 1.0 
6 020 : 0 110 : 1 791.447 0.022 
020 :2 030 : 1 59ri. 337 0.14 7 
8 020 : 2 110: 1 '141.730 0.14 
9 020 :2 030 : 3 668.151 0.85 
2 010 : 1 020 : 0 618.033 4.27 
10 100 : 0 110 : 1 688.672 0 *3 
11 100 : 0 030 : 1 344.279 0.004 
12 030 : 3 040:2 581.62 0.0042 
13 030:3 120 : 2 757.47 0.0059 
14 030 : 1 120 : 2  828.284 0.00049 
15 030 : 1 120 : 0 738.364 0.014 
T A B U  I1 
RELATIVE ABUNDANCE OF ISOTOPIC MOLECULES 
(From Drayson and Young, 1966) 
Abundance Re la t ive  Band Center  
to 1% 1602 O f  fundamental  Molecule 
1.00 667.4 
1.12 x 10-2 648.3 
2 1zc 1602180 4.0 x 10'3 662.3 
02 
0 12c 16 
1 13, 1G0 
3 12c 160 170 8.0 10-4 664.7 
4 13, 160 18, 4.5 x 10-5 643.6 
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and mesopause l e v e l s .  
s c r i b e d  i n  t h e  previous s e c t i o n ,  were app l i ed  t o  each of t h e  i so topes  
The equet,ions f o r  the fundamental t r a n s i t i o n ,  de- 
s e p a r a t e  us ing  va lues  of t h e  vibra.ti0na.l r e l a x d t i o n  t i m e  ho = 2 x 10 -6 ., 
6 4 x 10- , and 2 x sec ,  where h is  t h e  value of h a t  1 atmos- 
phere .  It was found t h a t  only i s o t o p e s  0, 1, 2, and 3 (Table  11) gave 
any c o n t r i b u t i o n  t o  r a d i a t i v e  t r a n s f e r  i n  t h e  upper atmosphere ( g r e a t e r  
t h a n  about  0.1"K per day hea t ing  o r  c o o l i n g ) .  The f u l l  r e s u l t s  a r e  t o o  
e x t e n s i v e  t o  give here  i n  d e t a i l ;  only r e p r e s e n t a t i v e  va lues  w i l l  be g iven .  
0 
The coo l ing  r a t e s  f o r  t h e  four bands a r e  shown i n  Table  I11 f o r  t h e  va lue  
ho = 1 x 10-5 sec .  Table  I V  provides d e t a i l s  of t h e  d e v i a t i o n  of t h e  
source  f u n c t i o n  from t h e  b l a c k  body f u n c t i o n .  For i so tope  0 t h e  dev ia -  
t i o n  does not  become apparent  u n t i l  about  80 km, while  f o r  i so tope  3 t h e  
d i f f e r e n c e  begins  near  t h e  s t r a topause .  It i s  i n t e r e s t i n g  t o  note  t h a t  
a t t h a t  l e v e l  t h e  r a d i a t i v e  l i f e t i m e  8 i s  s t i l l  approximately two o rde r s  
of magnitude g r e a t e r  t han  t h e  r e l a x a t i o n  t i m e  X, a cond i t ion  gene ra l ly  
unfavorable  f o r  v i b r a t i o n a l  r e l a x a t i o n .  The reason  can be  expla ined  by 
r e w r i t i n g  Eq. (3 .2 .6)  i n  t h e  f o r m  
(J - B) dF dF d u  - du gl 1 c2 - = . - - - - - - -  
dP du dp  dP go A 2v02 
du i s  p ropor t iona l  t o  t h e  m i x i n g  r a t i o ,  which i s  very sma l l  f o r  t h e  less 
dP 
abundant i so topes .  This  implies  t h a t  l a r g e  d i f f e r e n c e s  between t h e  source 
f u n c t i o n  and t h e  Planck func t ion  a r e  r equ i r ed  be fo re  apprec i ab le  coo l ing  
can occur .  
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T A B U  111 
COOLING RATES IN OK/DAY FOR THE INDIVIDUAL BANDS, 
U.S. STANDARD ATMOSPHERE (1962), A, = 1 x 10-5 SEC 
Height T . ~ ; . J ,  0 1 2 3 0 0 0 
4 
, I  
(km) Band 1 1 1 1 2 3 
107 - 5 
102.5 
97.5 
92.5 
89.0 
87.0 
85.0 
83 .o 
81.0 
79.0 
77 -0  
75 - 0  
73.0 
71.0 
68.0 
64.0 
60.0 
56 .o 
53 - 0  
49.5 
3.01 
3.80 
4.67 
5 -03 
3.49 
3 -25 
2.48 
1 - 5 3  
- .16 
- .45 
30 
* 55 
.68 
.81 
.86 
1.36 
1.89 
2.40 
3.02 
3 -23  
-03 
a 0 3  
-03 
.01 
- .03 
- .05 
- .13 
- .23 
-.17 
- .09 
. 00 
.11 
.26 
.45 
50 
.44 
.45 
* 39 
- .08 
- .20 
. 00 
.01 
. 00 
- .02 
- ... 05 
- .07 
-.lo 
-.14 
-.18 
- .21 
-.19 
-.16 
-.lo 
- ,02 
.12 
34 
.48 
* 52 
-55 
.47 
. 00 
. 00 
. 00 
- .01 
- .01 
-.02 
- .02 
- .Oh 
- .03 
- .05 
- .04 
- .04 
- .02 
. 00 
.04 
.11 
.16 
.20 
.21 
.21 
92 
.60 
.18 
-.05 
- .12 
-.13 
- .13 
-.15 
-.I4 
- .09 
- .02 
.09 
.21 
* 37 
.60 
.62 
.51 
53 
.45 
-.14 
. bb 
* 43 
a09 
- .17 
-.17 
-.18 
-.18 
- .19 
-.19 
- .09 
-.11 
- . 1 G  
. 00 
.12 
* 29 
.56 
.62 
53 
55 
.46 
1.01 
-89 
45 
.04 
- .26 
- .28 
-.30 
- -33 
-a37 
- -35 
- .21 
. 00 
.26 
55 
.88 
1.33 
1.34 
1.11 
1.19 
1.07 
44.0 2.85 * 31 .30 .15 .34 .33 -85 
T A B U  I V  
RATIO J/B FOR I N D I V I D U A L  BANDS, U .S . STANDARD 
ATMOSPHERE (19621, A, = iX10-5 SECS 
Height I S O .  0 1 2 3 0 0 0 (m Band 1 1 1 1 2 3 4 
110 * 07 -27 .42 * 45 -45 639 *31 
105 - 13 - 38 .61 -67 .71 -65 -50 
100 .20 .59 .y5 1.07 * 93 -92 e77 
95 .40 .81 1.32 1.47 LOO 1.02 * 99 
90 .72 1.18 1.89 2.10 1.01 1.04 1.04 
86 .89 1.21 1.82 2.00 1.01 1.02 1.02 
82 .99 1.24 1.77 1.83 1.00 1.01 1.01 
80 1.01 1.24 1.64 1.74 1.00 1.01 1.01 
76 1.00 1.04 1.18 1.21 1.00 1.00 1.00 
88 .80 1.18 1.86 2.07 1.01 1.03 1.03 
84 - 93 1.21 1.77 1.94 1.01 1.01 1.02 
78 1.00 1.12 1.34 1.39 1.00 1.00 1.00 
74 LOO 1.01 1.07 1.08 1.00 LOO LOO 
72 1 .oo .99 1.03 1.02 LOO LOO LOO 
70 1 .oo * 99 -99 .98 1.00 1.00 1.00 
66 1 .oo e99 * 98 .96 1.00 1.00 1.00 
62 1 .oo -99 * 98 * 97 1.00 1.00 1.00 
58 1.00 1.00 - 99 .98 1.00 1.00 1.00 
54 1.00 1.00 - 99 .gg 1.00 1.00 1.00 
52 1.00 1.00 1.00 .99 1.00 1.00 1.00 
47 1.00 1.00 1.00 1.00 1.00 1.00 1.00 
- 
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T h i s  r e s u l t  i s  important  f o r  t h e  rad-s  ive t r a n s f e r  i n  upper levels  
of o t h e r  p lane tary  atmospheres.  
d ioxide  i s  a major atmospheric c o n s t i t u e n t  and v i b r a t i o n a l  r e l a x a t i o n  of 
t h e  fundamental  w i l l  n o t  t a k e  p lace  u n t i l  lower p r e s s u r e s  a r e  reached,  
p o s s i b l y  n o t  u n t i l  d i s s o c i a t i o n  t a k e s  p l a c e ,  a t  l e a s t  f o r  t h e  i s o t o p e  
I n  Mars and Venus f o r  example carbon 
12c 16 
O2 * 
The equat ions f o r  v i b r a t i o n a l  r e l a x a t i o n  have n o t  been d e r i v e d  f o r  
overtone bands.  Never the less  t h e  e q u a t i o n s  developed f o r  t h e  fundamental  
were a p p l i e d  t o  t h e s e  bands.  It was found t h a t  only t h e  t h r e e  s t r o n g e s t  
overtones were important f o r  r a d i a t i v e  t r a n s f e r  i n  t h e  upper mesosphere 
and moesopause reg ion  
I 2 C  1602. 
Furthermore,  r e l a x a t i o n  i s  not  s i g n i f i c a n t  even a t  80 km, a s  can be seen  
from Table  I V .  e This  i s  due, i n  p a r t  a t  l e a s t ,  t o  t h e  f a c t  t h a t  t h e  
r a d i a t i v e  l i fe t ime of t h e s e  weaker bands i s  a t  l e a s t  1 t o  2 o r d e r s  of 
magnitude l a r g e r  t h a n  t h e  fundamental .  Because t h e  bands a r e  r e l a t i v e l y  
weak, t h e  magnitude of t h e  h e a t i n g  and c o o l i n g  r a t e s  i s  q u i t e  sma l l .  Un- 
less  t h e  equat ions f o r  v i b r a t i o n a l  r e l a x a t i o n  a r e  i n  a q u i t e  d i f f e r e n t  
form f o r  t hese  bands, or t h e  v i b r a t i o n a l  r e l a x a t i o n  t i m e  A i s  much l a r g e r  
t h a n  f o r  t h e  fundamental, t h e  method of c a l c u l a t i o n  should in t roduce  only 
a smal l  e r r o r .  
(bands 2,  3 and 4) and t h e s e  only f o r  t h e  molecule 
For  t h e s e  bands t h e  r a t i o  of t h e  s t a t i s t i c a l  weights  i s  u n i t y .  
The t o t a l  cool ing  f o r  a l l  bands f o r  t h e  U .  S. Standard Atmosphere, 
-6 (1962) i s  shown i n  F i g .  3, f o r  va lues  of  Lo = 2 x 10 
sec and a r e  compared w i t h  t h e  va lues  of Kuhn (1966). 
, 
F o r  a l l  va lues  of  
and 2 x 
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100- 
90 - 
W "'"i I 
V 
p o -  
w 
z 
0 
W a 50 - 
4 0  - 
-4 L -2 
This  C a l c u l a t i o n  
Kuhn (1966) --------- 
I I 1 I 1 1 
2 4 6 8 IO 12 
COOLING RATE (dog K/day) 
F i g -  3 0  
(1962) 
Calculated cool ing  rates f o r  t h e  U.S. Standard  Atmosphere 
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ho t h e  p r e s e n t  c a l c u l a t i o n s  show a sma l l  amount of h e a t i n g  nea r  t h e  base  
of t h e  mesopause? a l though i t s  magnitude and v e r t i c a l  e x t e n t  a r e  b o t h  
s i g n i f i c a n t l y  sma l l e r  t h e n  t h o s e  of Kuhn. I n  t h e  thermosphere t h e  p r e s e n t  
r e s u l t s  show much more coo l ing .  T h i s  i s  a consequence of t h e  s e p a r a t e  
r e l a x a t i o n  of t h e  bands, s i n c e  t h e  weak over tone  bands a r e  n o t  completely 
r e l a x e d ,  even a t  110 km. and have apprec iab le  c o n t r i b u t i o n  t o  c o o l i n g  a t  
t h i s  l e v e l .  Near t h e  s t r a t o p a u s e  t h e  assumption of non-overlapping l i n e s  
may beg in  t o  'break down and some of t h e  weaker bands a . l so  provide a n  ap- 
p r e c i a b l e  source of coo l ing .  The p r e s e n t  c a l c u l a t i o n s  were no t  designed 
t o  be a c c u r a t e  i n  t h i s  r e g i o n  of t h e  atmosphere. 
There a r e  a number of impor tan t  d i f f e r e n c e s  between t h e  two methods 
of c a l c u l a t i o n .  Kuhn's c a l c u l a t i o n s  inc luded  t h e  f o l l o w i n g  f e a t u r e s :  
( a )  I so the rma l  l a y e r s  were used 
( b )  Equation (3 .2 .6 )  was a p p l i e d  t o  t h e  t o t a l  f l u x  d ivergence  f o r  
al.1 ba.nds, i . e . ,  t h e  bands were n o t  r e l axed  s e p a r a t e l y .  
( c )  A cons t an t  tempera ture  was used t o  c a l c u l a t e  l i n e  i n t e n s i t i e s  
i n  t h e  mesosphere. 
( d )  The quasi-random band model was used ,  
It has  a l r e a d y  been shown t h a t  ( a )  t e n d s  t o  produce g r e a t e r  h e a t i n g  a t  
a t empemture  minimum. T e s t  c a l c u l a t i o n s  showed t h a t  ( c )  e x h i b i t e d  
t h e  same tendency, Because t h e  l i n e s  a r e  i s o l a t e d  i n  t h e  mesosphere t h e  
r e d i s t r i b u t i o n  of t h e  l i n e s  by t h e  model. does no t  change t h e  a b s o r p t i o n  
and ( d )  does not c o n t r i b u t e  e r r o r s  d i r e c t l y .  
1' 
I 
I 
I 
1 
I 
I 
I 
I 
1 
I 
11 
I 
D 
I 
I 
1 
1 
I 
67 
T e s t  c a l c u l a t i o n s  were made t o  determine t h e  e f f e c t  of ( b ) .  The 
d i f f e r e n c e s  i n  c o o l i n g  r a t e s  were g r e a t e s t  for t h e  l a r g e r  v a h e s  of Lo, 
t h e  new c a l c u l a t i o n  g i v i n g  a n  add i t iona l  h e a t i n g  of about 0.4 deg k/day 
nea r  80 km for h, 
set" 
having t h e  c o o l i n g  r a t e s  above 100 km, Calcu la t ed  i n  t h i s  way, t h e  cool  
i n g  r a t e s  i n  t h e  lower thermosphere a r e  i n  good agreement wi th  Kuhn, b u t  
t h e  d i f f e r e n c e s  i n  t h e  mesosphere and a t  t h e  mesopause a r e  v i r t u a l l y  un- 
changed o 
2 x IO-' b u t  only h a l f  t h i s  v a l u e  f o r  ho = 2 x 10" 6 
I n  t h e  Lower thermosph-re t h e  e f f e c t  was more pronounced, roughly 
One of t h e  e f f e c t s  of atmospheric l o n g  wave r a d i a t i v e  t r a n s f e r  i s  
t o  smooth d i s c o n t i n u i t i e s  i n  temperature g r a d i e n t ,  and t e n d s  t o  produce 
a maximum of h e a t i n g  or coo l ing  where such d i s c o n t i n u i t i e s  e x i s t .  Many 
model atmospheres,  i n c i u d i n g  the U. S .  Standard Atmosphere (1962), con- 
t a i n  such  f e a t u r e s .  A c a l c u l a t i o n  was made f o r  t h i s  atmosphere, w i t h  
t h e  t e m p t r a t u r e  s t r u c t u r e  smoothed a t  t h e  base  of t h e  mesopause, where 
h e q t i n g  was p rev ious ly  ab ta ined .  
4, 
.r e n t i r e l y  e l i m i a a t e d ,  depending on t h e  va lde  of h,. 
l a r g e  number :lf aFFroxiDations rrade i n  t h e  - a i c u i a t i o n s ,  it i s  conclkded 
t h a t  r a d i a t i v e  t r a n s f e r  dve t o  t h e  ~5 u bands of carbon d iox ide  i s  no t  
; i g n i f i - a n t l y  d i f f e r e n t  f r ( 1 m  egu i J - ib r iun  a t  t h e  mesopause Level, f o r  t h e  
SF x k h e d  atmosphere 
The new c c o l i n g  r a t e s  a r e  shown i n  Fig. 
The h e a t i n g  has been ve ry  much reduced ( ab ,wt  0,6 deg K/day maximum) 
I n  view of t h e  
?he e f f e c t  if o t h e r  temperature g r a d i e n t  d i s - o n t i n u i t i e s  can be seen 
a t  90 and 60 km. Oniy one a t r o s p h e r i c  l a y e r  was used f o r  t h e  s t r a t o p a u s e ,  
68 
0 
but  if a model. of g r e a t e r  r e s o x i t i o n  i s  used for t h i s  r e g i o n  of t h e  atmos- 
phere,  two maxima af <.x., . ing Jbtained, a t  t h e  bot tom and t o p  of t h e  i s o -  
t he rma l  l a y e r ,  a re,;uLt which wa,; a l s o  r e p o r t e d  by P i a s s  (1956b) .  
A s tudy  of t h e  "2fj.-ing r a t e s  f o r  t h e  iDd iv idua i  bands revea,s t h a t  
t h e  weak over tone  bands a r e  i n > e n s i t i v e  t o  19L.a;. changes i n  tempera ture  
g r a d i e n t ,  and t h a t  t h e  same i s  t r u e  of t h e  less abundant i s o t o p e s .  Only 
t h e  fhndamental of ''C! 
unsmmt,hed s t anda rd  a+Posphere, a l though  band 1 of i so tope  1 and band 4 
&. 
6 O3 showed a l a r g e  change f r m  t h e  c o a l i n g  of t h e  
.f i s ( i t ope  C a l s o  shaw r;ma:'Ler d i f f e ren (ces  T h i s  r e s u l t  i s  t o  be expec ted  
s i n c e  t h e  bands w i t h  weak atrrospheric a b s o r p t i o n  a r e  a lmost  t r a n s p a r e n t  
over 2 o r  4 km Layers i n  t h e  upper atmosphere, and c o o l i n g  does n o t  de- 
pend on t h e  t e m p e r a t u e  qradien t  i n  t h e  neighborhaod of t h e  l e v e l  under 
c o n s i d e r a t i o n  
Ca:.cul.ations have ais:o been made for t h e  ARDC-1959 and t h e  ~ 1 ~ ~ 1 9 6 1  
m .deJ. atmcx-pheres The ARX-.l959 (Minzner - e t a 1  L959) atmosphere ha;; 
a co ld  mesopause, t y p i c a l  c? average c o n d i t i o n s  i n  summer a t  h igh  l a t i t u d e s .  
3imil.ar cal .cuiat  i ons  have been r e p o r t e d  by Kcndrat'  yev  e t  al., ( 1966) and -- 
t h e s e  a r e  of p a r t i c u i - a r  i n t e r e s t  s i n c e  s e p a r a t e  r e s u l t s  a r e  given f o r  t h e  
fundamentals of  '% I6C2, and t h e  sum. of t h e  c o n t r i b u t i o n s  of t h e  remaining 
i s 5 t o p e s .  Full deTai,.s ;€ t h e  method of c a l - u i a t i o n  a r e  n o t  g iven  b u t  
Eresumably f o ~ l  ow t h e  deveL2pn;ents of Shved (1.964, 1965a and L965b) 
dhi-h f e a t u r e  
( a )  a x - o v e r l a p j  lng  i ines 
( b )  al.:.owance f . ~  ternperat,ure dependence ~f l i n e  i n t e n s i t i e s  
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( c )  i so thermal  l a y e r s .  
( d )  i nd iv idua l  r e l a x a t i o n  of bands.  
( e )  l i n e  h a l f  -widths tempera ture  independent 
Comparison of  t h e  coo l ing  r a t e s  of t h i s  c a l c u l a t i o n  with t h o s e  of 
Kondrat 'yev e t .  al., a r e  shown i n  F i g .  5 .  
i s o t o p e s  showagreement t o  w i t h i n  t h e  e r r o r  t h a t  t h e  va lues  can be  d e t e r -  
mined from t h e  f i g u r e  * For l2C l6O2 t h e  coo l ing  r a t e s  a r e  s t i l l  q u i t e  
c l o s e ,  b o t h  showing a h e a t i n g  !of about  1 deg K/day near  80 km, I n  t h e  
p re sen t  c a l c u l a t i o n  t h i s  h e a t i n g  i s  l o c a l i z e d  near  t h e  lower mesopause 
where t h e  temperature  g r a d i e n t  i s  d i scon t inuous .  
shows h e a t i n g  spread over a l a y e r  twice  a s  t h i c k .  As wi th  Kuhn, t h e  
p re sen t  c a l c u l a t i o n  shows a smal.1 b u t  c m s i s t a n t l y  l a r g e r  c o o l i n g  r a t e  
throughout  t h e  mesosphere 
have s l i g h t l y  smal le r  coo l ing  r a t e s .  
The r a t e s  f o r  t h e  l e s s  abundant 
L -  
Kondrat'  yev -- e t  a l . ,  
I n  t h e  lower thermosphere Kondrat'  yev e t  a 1  * ,  
Unlike the o t h e r  two models, t h e  CIRA 1961 atmosphere (Kallmann- 
B i J l  -- e t  ale, 1961) has  a smooth p r o f i l e ,  w i th  slowly changing tempera ture  
g r a d i e n t s .  T h i s  c h a r a c t e r i s t i c  i s  r e f l e c t e d  i n  t h e  sum of t h e  c o o l i n g  
r a t e s  due t o  the  fundamentals ( a l l  i s o t o p e s )  ( F i g .  6 ) .  
r e l a x a t i o n  time A,, 
d i c a t e d  a t  t h e  mesopause. 
mately 0.5 deg/day a d d i t i o n a l  h e a t i n g  a t  t h i s  l e v e l ,  w i th  t h e  h e a t i n g  
r eg ion  a g a i n  of l a r g e r  v e r t i c a l  e x t e n t ,  
Depending on t h e  
8 sma l l  amount of e i t h e r  h e a t i n g  or c o o l i n g  i s  i n -  
I n  c o n t r a s t ,  Kondrat 'yev -- e t  a l . ,  show approxi -  
Although t h e  d i f f e r e n c e s  between t h e  p re sen t  r e s u l t s  and t h o s e  of 
Kondrat 'yev -- e t  a l . ,  a r e  small, t h e y  a r e  c o n s i s t e n t .  P o s s i b l e  r easons  f o r  
\ 
\ 
\ 
\ 
71 
This C a l c u l a  ion 
------- K o n d r a t ' y e v  e t  al. I  65) 
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COOLING R A T E  (deg K/day) 
Fig.  5 .  Calcula.ted cooling rates for ARDC-1959 atmosphere. 
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This Calculation 
-_____- Kondrat'yev et al. (1965) 
I 1 1 I 
2 4 6 8 
COOLING R A T E  (deg K l d a y )  
Calcula ted  cooling r a t e s  f o r  CIRA-1961 atmosphere.  
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t h e s e  a r e :  
( a )  t h e  use of i so thermal  l a y e r s ,  a l r eady  d i scussed .  
( b )  t h e  use  of temperature  independent l i n e  ha l f -wid ths :  t h i s  a s -  
sumption has been d i scussed  by Hummer and Rybicki (1966), who showed 
t h a t  v a r i a t i o n s  i n  Doppler ha l f -wid thswi th  tempera ture  can be s i g n i f i c a n t  
i n  some s i t u a t i o n s .  
3 ,4  " 2  Cooling Rates  f o r  Measured Temperatures P r o f i l e s  
Although model atmospheres a r e  of i n t e r e s t  a s  o b j e c t s  of s tudy  i n  
t h e i r  own r i g h t ,  t h e y  a r e  neve r the l e s s  d i f f e r e n t  from r e a l  atmospheres,  i n  
t h a t  t h e  o:n.iipresent i r r e g u l a r i t i e s  i n  t h e  p r o f i l e s  have been removed. The 
s tudy  of t h e  model a t m s p h e r e s  shows t h a t ,  f o r  t h e  l 2 C  l6O2 fundamental ,  
local.  f e a t u r e s  l a r g e l y  determined t h e  c o o l i n g  behavior  nea r  t h e  mesopause, 
s o  t h a t  it i s  n a t u r a l  t o  expect, t h e  f i n e  s t r u c t u r e  of t h e  atmosphere t o  
be c r i t i c a l  i n  de te rmining  cool ing r a t e s  Temperature o s c i l l a t i o n s  of 
up t o  _3O-4O0C a r e  no t  uncommon between 70 and 90 km. 
1967) , and t h e s e  o s c i l l a t i o n s  f r e q u e n t l y  e x h i b i t  a wave-like s t r u c t u r e  
i n  t h e  v e r t i c a l .  
(Theon -- e t  a l . ,  
The p r a f i l e s  used a r e  f r o m  Jones and Pe te r son  (1967) and Pe te r son  
( i967) ,  measured by t h e  f aL l ing  sphere technique  a 
a l t i t u d e  of t h e  soundings,  the tempera ture  was e x t r a p o l a t e d  t o  agree  wi th  
t h e  U.S. Standard Atmosphere (1962) a t  120 km; t h e  s t r u c t u r e  a t  t h e s e  
levels  i s  i r r e l e v a n t  t o  t h e  cool ing  r a t e  near  t h e  mesopause. 
Above t h e  maximum 
Like t h e  c a l c u l a t i o n s  for t h e  model atmospheres,  a r e s o l u t i o n  of 2 km 
74 
was used between 70 and 90 km, and approximately 5 km l a y e r s  e l sewhere .  
T o  reduce computing t i m e  t h e  c o e f f i c i e n t s  f o r  t h e  U.S. Standard  and Atmos- 
phere (1962) were used t o  c a l c u l a t e  c o o l i n g  r a t e  f o r  each  p r o f i l e  i . e . ,  
t h e  temperatue dependence was neg lec t ed .  The r e s u l t s  showed t h a t  t h e  
fundamental of 1 z C  1602 i s  by f a r  t h e  most impor tan t  band, and t h e  tempera- 
t u r e  dependence f o r  t h i s  band i s  sma l l .  
F igu re  7 show t h e  tempera ture  s t r u c t u r e s  and c a l c u l a t e d  coo l ing  
r a t e s  f o r  s i x  soundings, f o r  t h e  two va lues  of v i b r a t i o n a l  r e l a x a t i o n  t i m e  
ho 2 x 10 sec  and 2 x s e c .  The c o n t r i b u t i o n s  from a l l  i s o t o p e s  
and a l l  bands a r e  inc luded .  
-6 
Before  commenting on t h e  i n d i v i d u a l  soundings,  some g e n e r a l  f e a t u r e s  
common t o  a l l  The p r o f i l e s  a r e  immediately n o t i c e a b l e .  
( a )  The smooth f e a t u r e s  of t h e  coo l ing  r a t e s  f o r  model atmospheres 
a r e  no l o n g e r  appa ren t .  I n s t e a d ,  l a r g e  v a r i a t i o n s  i n  h e a t i n g  and coo l ing  
r a t e s  a r e  indicated, ,  cor responding  t o  t h e  maxima and minima of t h e  tempera- 
t u r e  p r o f i l e s  o r  change i n  tempera ture  g r a d i e n t .  
( b )  There appears  t o  be a marked tendency f o r  g r e a t e r  o v e r a l l  cool -  
i n g ,  p a r t i c u l a r l y  f o r  t h e  l a r g e r  va lue  of v i b r a t i o n a l  r e l a x a t i o n  time; 
f o r  most, b u t  n o t  a l l ,  t h e  p r o f i l e s  t h e  h e a t i n g  i s  r e s t r i c t e d  t o  r a t h e r  
t h i n  l a y e r s .  
( c )  I n  the mesosphere and mesopause r eg ion ,  t h e  maximum c o o l i n g  
ra te  is  f r e q u e n t l y  about  t h e  same or g r e a t e r  t h a n  t h e  c o o l i n g  r a t e  a t  
t h e  much warmer s t r a t o p a u s e  e 
( d )  For  most p r o f i l e s  t h e  coo l ing  r a t e  i s  t h e  same f o r  b o t h  va lues  
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COOLING RATE (dcghoyl 
(a )  Wallops I s l a n d ,  38"N, 75"W, 1330 EST, 7 Aug, 1965. 
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(b) Wallops I s l a n d ,  38"N, 75"W, 2240 EST, 7 Aug, 1963. 
Fig. 7. Calcu la ted  c o o l i n g  rates f o r  measured tempera ture  p r o f i l e s .  
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( c )  Wa.llops Island, 38"N, 75"W, 0340 EST, 8 Aug, 1965. 
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(d) Wa.llops Island, 38ON, 75"W, 1810 EST, 19 Oct, 1965. 
F ig .  7. (Continued)  
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( e )  Wallops I s l a n d ,  38"N, 75"W, 1114 EST, 23 Oct, 1965. 
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(f) Poin t  Magu, 33"N, 1lgoW, 14.30 E T ,  24 Oct, 1966. 
Fig. 7. (Concluded) 
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b r a t i o n a l  r e l a x a t i o n  t ime below 75 km, a l t hough  sm 
occur down t o  70 km f o r  some of t h e  soundings.  
11 d i f f e r e n c e s  
The f i rs t  t h r e e  p r o f i l e s  ( F i g s .  7 ( a ) ,  ( b ) ,  and ( c ) )  a r e  from con- 
s e c u t i v e  soundings taken  wi th in  a 24 hour per iod  i n  August 1965 a t  Wallops 
I s l a n d .  Each shows some o s c i l l a t o r y  tempera ture  s t r u c t u r e  i n  t h e  mesopause 
r e g i o n .  The maximum coo l ing  r a t e  between 90 and 70 km f o r  t h e  f i rs t  sound- 
i n g  i s  about  7 deg K/day f o r  Lo = 2 x 10 
due t o  t h e  15 p bands of COP i s  incapable  of e x p l a i n i n g  by i t s e l f  t h e  r e -  
d u c t i o n  by about 20°K of t h e  tempera ture  maximum a t  88 km dur ing  t h e  LO 
hour i n t e r v a l  between t h e  f irst  and second soundings.  The o s c i l l a t i o n s  
i n c r e a s e  d u r i n g  t h e  n i g h t  and a r e  more marked i n  t h e  t h i r d  sounding. A l -  
though t h e  carbon d iox ide  p l ays  a s u b s t a n t i a l  r o l e  i n  t h e  t r a n s f e r  of 
energy a t  t h e s e  l e v e l s ,  it i s  c l e a r  t h a t  even more important dynamic pro- 
c e s s e s  a r e  c o n t r o l l i n g  t h e  tempera ture  p r o f i l e  
-6 s e c ,  The r a d i a t i v e  t r a n s f e r  
- 
Soundings ( d )  and ( e ) ,  t a k e n  i n  OctQber 1965 a t  Wallops I s l a n d ,  have 
s i m i l a r  temperature g r a d i e n t  d i s c o n t i n u i t i e s  i n  t h e  mesosphere near  70 
km which provide l a r g e  coo l ing  a t  t h i s  levei..  The mesopause i s  p a r t i c u l a r l y  
well def ined  with t h e  tempera ture  r i s i n g  r a p i d l y  above t h e  tempera ture  
m i n i m u m .  T h i s  c h a r a c t e r i s t i c  e x p l a i n s  t h e  s u b s t a n t i a l  h e a t i n g  observed 
around 80 km f o r  b o t h  soundings.  
F igu re  7 (f) shaws a remarkable sounding from P o i n t  Magu on 24 Octo- 
b e r  1966. 
a t  85 km, Smaller p e r t u r b a t i o n s  a r e  common a t  t h i s  l e v e l ,  b u t  t h i s  ampli- 
t ude  i s  appa ren t ly  one of t h e  l a r g e s t  r eco rded .  A s  expec ted ,  t h i s  pe r tu rba -  
A temperature p e r t u r b a t i o n  of amplit,ude a lmost  50°K was obta ined  
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t i o n  produces a l a r g e  coo l ing  ra te ,  of about 33 deg K/day f o r  ho = 2 x 10- 6 
s e c ,  and 17 deg K/day f o r  ho = 2. x s e c .  A h e a t i n g  of comparable 
magnitude might have been expected i n  t h e  r e g i o n  of tempera ture  minimum 
immediately above and below t h e  warm l a y e r ,  b u t  i t s  va lue  is  only about 
one seven th  t h a t  of t h e  maximum c o o l i n g  r a t e .  Also shown i s  t h e  coo l ing  
r a t e  ob ta ined  i n  t h e  absence of t h e  tempera ture  p e r t u r b a t i o n ,  w i th  near  
e q u i l i b r i u m  c o n d i t i o n s  a t  t h e  mesopause 
The c a l c u l a t i o n s  f o r  t h e  measured p r o f i l e s  show t h a t  t h e  coo l ing  implied 
by mean atmospheres i s  no t  t h e  same a s  t h e  mean c o o l i n g  de r ived  from i n d i -  
v i d u a l  soundings.  Th i s  r e s u l t  i s  s i g n i f i c a n t  f o r  an  unders tanding  of t h e  
energy ba lance  i n  t h e  mesopause r e g i o n  of t h e  atmosphere; r a d i a t i v e  t r a n s -  
f e r  by carbon d iox ide  may be ab le  t o  provide  a mean energy  s i n k ,  p a r t i c u l a r l y  
f o r  s i t u a t i o n s  i n  which waves a r e  b e i n g  propagated v e r t i c a l l y .  
The e f f e c t  of temperature o s c i l l a t i o n s  on c o o l i n g  r a t e s  has been d i s -  
cussed by Goody (1964) and by Sasamori and London (1966) f o r  homogeneous 
atmospheres.  I n  t h e  mesosphere t h e  atmosphere i s  n o t  homogeneous, o r  
even  approximately so,  and t h e  depa r tu re  from l o c a l  thermodynamic e q u i l i -  
br ium makes it impossible t o  apply t h e i r  methodso 
The c a l c u l a t i o n s  made i n  t h i s  s e c t i o n  used a v e r t i c a l  r e s o l u t i o n  of 
2 km between 70 and 90 km, The method could be a p p l i e d  t o  soundings of 
h ighe r  v e r t i c a l  r e s o l u t i o n  i f  r e l i a b l e  sounding d a t a  become a v a i l a b l e  
The p r o f i l e s  a v a i l a b l e  a r e  not s u i t a b l e  f o r  t h i s  a p p l i c a t i o n ,  s i n c e  they  
c o n t a i n  a cons ide rab le  amount of high f requency  n o i s e .  
3.4.3 Comparison wi th  Previous  C a l c u l a t i o n s  
A f u l l  comparison of t h e  methods and r e s u l t s  of t h e  cal-cuLations of 
Kondrat'  yev (1965) and Kuhn (1966) has a l r e a d y  been made i n  t h e  prev ious  
s e c t i o n s  Young (1964) a t tempted  c a l c u l a t i o n s  t h a t  were e s s e n t i a l l y  s i m i l a r  
t o  t h o s e  of Kuhn, b u t  was unable t o  o b t a i n  c o o l i n g  r a t e s  because of numer ica l  
d i f f i c u l t i e s  
A t  t h e  time tha t ,  C u r t i s  and Govdy (1956) made t h e i r  c a l c u l a t i o n s  f a s t  
computers were n o t  s o  r e a d i l y  a v a i l a b l e .  They chose an i t e r a t i v e  procedure 
t o  s o l v e  t h e  r a d i a t i v e  t , r a n s f e r  equa t ions  us ing  a s  an  i n i t i a l  guess f o r  
t h e  f l u x  divergence t h e  ' c o o l i n g  t o  space '  ( i v e . ,  t h e  amount of energy 
l o s t  d i r e c t l y  t o  space ) ,  a concept t h a t  has appeared a number of t i m e s  
i n  r a d i a t i v e  t r a n s f e r  l i t e r a t u r e ,  I n  t h e  mesopause r e g i o n  it has been 
shown t h a t  f o r  s t r o n g  bands t h e  cool.ing i s  dependent on t h e  l o c a l  tempera ture  
s t r u c t u r e ,  while for weak bands hea t ing ,  r a t h e r  t h a n  coo l ing ,  t a k e s  p l ace  
Lower i n  t h e  atmosphere where a b s o r p t i o n  i s  s t r o n g e r ,  t,he Local s t r u c t u r e  
may dominate a l l  b u t  t h e  weakest bands,  s o  t h a t  ' c o o l i n g  t o  space '  cannot 
be expec ted  t o  provide  a r easonab le  approximation t o  t h e  c o o l i n g  r a t e ,  
Moreover, i t e r a t i v e  procedures f o r  s o l v i n g  t h e  t r a n s f e r  e q u a t i o n s  have 
been shown t o  converge ex t remely  slowly and t o  depend on t h e  i n i t i a l  guess ,  
and may even d iverge  (Kuhn, 1966). 
what weak l i n e s ,  i f  any, were inc luded  or if t h e  Less abundant i s o t o p e s  
were cons idered .  These l i n e s  have been shown t o  b e  impor t an t ,  Murgatroyd 
and Goody ( 1958) a l s o  made c a l c u l a t i o n s  f o r  themesosphere,  c i t i n g  C u r t i s  
and Goody f o r  the  method of computation. Because of t h e  u n c e r t a n t i e s  i n  
C u r t i s  and Goody do n o t  make it c l e a r  
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t h e  a c t u a l  parameters and method used,  no d i r e c t  comparison can be  made 
between t h e i r  r e s u l t s  and t h e  present  c a l c u l a t i o n s .  
The c a l c u l a t i o n s  of Pra.bhakara and Hogan (1966) con ta in  two s e r i o u s  
e r r o r s .  
s p e c t r a l  r e g i o n s  by l i n e s  of cons tan t  i n t e n s i t y  and frequency spac ing ,  
u s i n g  t r ansmiss ion  t a b l e s  of S t u l l  e t  a l .  , (1963) t o  deduce some of t h e  
parameters .  The t r ansmiss ion  t a b l e s  c o n t a i n  t h e  c o n t r i b u t i o n s  from l i n e s  
of many d i f f e r e n t  i n t e n s i t i e s ,  so  t h a t  t h e  s imple model cannot be  expected 
t o  r e p r e s e n t  t h e  t r a n s m i s s i v i t y  a c c u r a t e l y ,  e s p e c i a l l y  when e x t r a p o l a t e d  
t o  low p r e s s u r e s .  A f u r t h e r  consequence of t h i s  t r ea tmen t  i s  t h a t  a l l  
bands a r e  considered t o g e t h e r ,  i n s t ead  of t r e a t i n g  t h e  r e l a x a t i o n  sepasa t .e ly  
f o r  each  band. 
The f i rs t  l i e s  i n  t h e  at tempt  t o  s imula t e  t h e  abso rp t ion  i n  g iven  
--
The second e r r o r  l i e s  i n  the  method of s o l u t i o n  of t h e  r a d i a t i v e  
t r a n s f e r  equa t ion .  The energy absorbed by a h o r i z o n t a l  l a y e r  i n  t h e  atmo- 
sphere  i s  
where 7 i s  t h e  t r a n s m i s s i v i t y  of t h e  l a y e r .  Th i s  equat ion  i s  c o r r e c t .  
However, F’rabhakara and Hogan appl ied  it us ing  t h e  average va lues  of I 
and y over f i n i t e  frequency i n t e r v a l s ,  i . e . ,  t hey  i n t e g r a t e d  over  f requency 
assuming t h a t  t h e  i n t e g r a l  of t he  product  I ( v )  [ l - y ( p ) ]  i s  e q u a l  t o  pro- 
duc t  of t h e  i n t e g r a l s  of I ( v )  and [ l - y ( v ) ] .  I n  f a c t ,  I ( v )  i s  c l o s e l y  
c o r r e l a t e d  wi th  y(v). 
n a t e s  from a r eg ion  near  t h e  l aye r  under cons ide ra t ion .  Conversely,  when 
When the abso rp t ion  i s  l a r g e  t h e  r a d i a t i o n  o r i g i -  
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t h e  a b s o r p t i o n  i s  small ,  t h e  r a d i a t i o n  o r i g i n a t e s  from deep i n  t h e  atmos- 
phere.  
The method used by Prabhakara and Hogan i s  t h e  f i n i t e  d i f f e r e n c e  form 
of Eq. (2.1.6). T h e i r  assumption i s  e q u i v a l e n t  t o  r e p l a c i n g  t h e  i n t e g r a l  
where S i s  t h e  t o t a l  band i n t e n s i t y .  T h i s  reasoning  i s  f a l se .  
The same method was a l s o  a p p l i e d  t o  t h e  Mart ian atmosphere (Prabhakara 
and Hogan, 1965). 
3.5 SLJMXAXY AND CONCLUSION 
The most important r e s u l t s  of t h e  i n v e s t i g a t i o n  of r a d i a t i v e  c o o l i n g  
due t o  carbon dioxide i n  t h e  mesosphere and mesopause a r e :  
( a )  The equat ion l i n k i n g  t h e  source f u n c t i o n  t o  t h e  f l u x  divergence 
should c o n t a i n  a degeneracy f a c t o r .  
( b )  Although some r a d i a t i v e  h e a t i n g  near  t h e  mesopause i s  t y p i c a l ,  
i t s  magnitude i s  small and i s  u s u a l l y  c o r r e l a t e d  w i t h  e i t h e r  a tempera ture  
minimum o r  a n  abrupt change i n  temperature  g r a d i e n t .  
( e )  O s c i l l a t i o n s  i n  t h e  temperature  s t r u c t u r e  near  t h e  mesopause 
dominate t h e  cool ing r a t e ,  r e s u l t i n g  i n  a cons iderable  i n c r e a s e  i n  cool- 
i n g  a t  t h i s  l e v e l .  Most of t h i s  c o o l i n g  i s  provided by t h e  
fundamental ,  with t h e  o t h e r  bands p l a y i n g  a minor r o l e .  When t h e  p r o f i l e  
i s  smooth, t h e  remaining bands (fundamentals of t h e  i s o t o p e s  and ovcrtone 
02 
12c 16 
83 
bands of l 2 C  l6O2) have a. r o l e  approximately equa l  t o  t h a t  of t h e  
( d )  V i b r a t i o n a l  r e l a x a t i o n  begins  t o  in f luence  t h e  coo l ing  r a t e  above 
about  75 km.  U n c e r t a i n t i e s  i n  t h e  v i b r a t i o n a l  r e l a x a t i o n  t i m e  l e a d  t o  
l a r g e  u n c e r t a i n t i e s  i n  t h e  cool ing  r a t e  above t h i s  l e v e l .  
The mesosphere i s  not  i n  r ad ia . t i ve  e q u i l i b r i u m  (Leovy 1964a and 1964b) e 
T h i s  has  a l s o  been demonstrated by t h e  s e r i e s  of soundings a t  Wallops Is-  
l a n d .  However, t h e r e  can be  l i t t l e  doubt t h a t  r a d i a t i v e  c o o l i n g  i s  an 
important  f a c t o r  i n  determining t h e  atmospheric  temperature  p r o f i l e  i n  
t h e  mesosphere and mesopause and t h a t  it must be a c c u r a t e l y  accounted f o r  
i n  any model of t h i s  p a r t  of the atmosphere.  Mean tempera ture  p r o f i l e s  
cannot  be used t o  d e r i v e  mean coo l ing  r a t e s  Wave-like tempera ture  o s c i l -  
l a t i o n s  i n  t h e  v e r t i c a l ,  which a r e  l a c k i n g  i n  s imple models, a r e  e s s e n t i a l  
i n  t h e  de t e rmina t ion  of mean cool ing r a t e s .  
CHAPTER 4 
APPLICATION TO THE ATMOSPHERE: OF MARS 
4 1 INTRODUCTION 
I n  t h e  l a s t  decade s i g n i f i c a n t  advances have been made i n  obse rva t ions  
of t h e  s u r f a c e  and atmosphere of Mars. These have come from ground based 
s p e c t r a l  obse rva t ions ,  i n c l u d i n g  t h e  remarkable h igh  r e s o l u t i o n  i n t e r f e r o -  
m e t r i c  obse rva t ions  of Connes and Connes, 1966, and a l s o  from a p l a n e t a r y  
f ly -by  mis s ion .  
P lans  a r e  now be ing  made f o r  t h e  s o f t - l a n d i n g  of s c i e n t i f i c  packages 
on t h e  s u r f a c e ,  and f o r  manned e x p l o r a t i o n  a t  a l a t e r  d a t e .  It would be 
of s i g n i f i c a n t  he lp  t o  t h e  s p a c e c r a f t  d e s i g n e r s  t o  know t h e  range of meteoro- 
l o g i c a l  cond i t ions  such a s  tempera ture ,  p r e s s u r e ,  wind v e l o c i t y  t o  be ex- 
pec ted  a t  t h e  s u r f a c e .  
Meteoro logis t s  a r e  a l s o  i n t e r e s t e d  i n  t h e  Mar t ian  atmosphere,  I t s  
s t r u c t u r e  appears t o  be s imple r  t h a n  t h a t  of t h e  e a r t h ' s ,  and t h e r e f o r e  
i n t e r e s t i n g  f o r  g e n e r a l  c i r c u l a t i o n  s t u d i e s  The v i r t u a l  absence of c louds  
and of water  vapor from t h e  atmosphere and oceans from t h e  s u r f a c e  i s  i n  
marked c o n t r a s t  t o  c o n d i t i o n s  on t h e  e a r t h .  Long wave r a d i a t i v e  t r a n s f e r ,  
i n  p a r t i c u l a r  t h a t  due t o  carbon d i o x i d e ,  i s  of g r e a t  importance.  
The c a l c u l a t i o n s  desc r ibed  i n  t h i s  c h a p t e r  a r e  des igned  t o  be used 
i n  con junc t ion  with a s i m p l e  atmospheric c i r c u l a t i o n  model. An e s s e n t i a l  
requi rement  i s  t h a t  t h e  f l u x  d ivergence  must be simple and quick  t o  e v a l u a t e ,  
s i n c e  it has t o  be c a l c u l a t e d  many times. 
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4.2 ATMOSPHERIC COMPOSITION 
It has been known f o r  a number of yea r s  t h a t  t h e  Mar t ian  atmosphere 
c o n t a i n s  cons ide rab le  amounts of carbon d iox ide  ( e  .g # ,  Grandjean and Goody, 
1955), deduced from t h e  abso rp t ion  s p e c t r a  of r e f l e c t e d  s o l a r  r a d i a t i o n .  
Beginning wi th  Kaplan -- e t  a l . ,  (1964) a s e r i e s  of more p r e c i s e  measurements 
was made of t h e  carbon d iox ide  con ten t  and t h e  s u r f a c e  p r e s s u r e .  The 
Mariner I V  o c c u l a t i o n  experiment has  a l s o  provide va luab le  in fo rma t ion  
on t h e  s u r f a c e  p re s su re  and composition of t h e  Mar t ian  atmosphere ( K i l o r e  
e t  a l . ,  1965). Although t h e  exac t  amount of carbon d iox ide  i s  s t i l l  some- 
what u n c e r t a i n ,  t h e  amount i n  a v e r t i c a l  column i s  b e l i e v e d  t o  be  i n  t h e  
range 68 f 26 m atm.,  ( a  p a r t i a l  p re s su re  of 5 k 2 mb a t  t h e  s u r f a c e )  and 
t h e  s u r f a c e  p re s su re  between 5 and 13 mb ( B e l t o n  and Hunten, 1966). Thus, 
carbon d iox ide  i s  a major atmospheric c o n s t i t u e n t  and t h e  p o s s i b i l i t y  t h a t  
t h e  atmosphere c o n s i s t s  almost e n t i r e l y  of carbon d iox ide  i s  n o t  i n c o n s i s t e n t  
w i t h  t h e  s p e c t r o s c o p i c  obse rva t ions ,  nor w i th  t h e  o c c u l t a t i o n  obse rva t ions  
of K i lo re  e t  a l .  
-- 
--
The amount of water  vapor i n  t h e  atmosphere i s  s m a l l .  Kaplan -- e t  a l . ,  
(1964) deduced 1 4  ? 7 p p r e c i p i t a b l e  water from t h e i r  obse rva t ions  b u t ,  
a s  i n  t h e  e a r t h ' s  atmosphere, t h e  amount may be v a r i a b l e .  
a l s o  f a i l e d  t o  d e t e c t  any molecular oxygen i n  t h e  atmosphere, and se t  a n  
upper l i m i t  of 70 cm atm. This imp l i e s  t h a t  t h e  amount of ozone i n  t h e  
atmosphere i s  s t r i c t l y  l i m i t e d ,  and i s  c o n s i s t e n t  w i th  t h e  d e t e c t i o n  of 
carbon monoxide i n  Martian s p e c t r a ,  approximately t h r e e  o r d e r s  of magnitude 
Kaplan -- e t  a l . ,  
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l e s s  abundant than  carbon d iox ide  (Kaplan, 1967). 
t o  deduce t h a t  t h e  r e l a t i v e  abundance of t h e  i s o t o p e s  l 2 C ,  I 3 C ,  l 6 O ,  l 7 O ,  
18 
Kaplan was a l s o  a b l e  
0 i s  approximately t h e  same a s  i n  t h e  e a r t h ' s  atmosphere.  
Although t h e r e  a r e  s t i l l  u n c e r t a i n t i e s  i n  t h e  e x a c t  composition of 
t h e  Mar t ian  atmosphere, t h e  impor tan t  c o n s t i t u e n t s ,  p a r t i c u l a r l y  t h o s e  t h a t  
a f f e c t  long  wave r a d i a t i v e  t r a n s f e r ,  a r e  known q u i t e  w e l l .  I n  any case ,  
a c i r c u l a t i o n  model i s  probably not  s e n s i t i v e  t o  s m a l l  u n c e r t a i n t i e s ,  and 
new c a l c u l a t i o n s  can e a s i l y  be under taken  when more a c c u r a t e  d a t a  become 
a v a i l a b l e .  I n  t h e  r a d i a t i v e  t r a n s f e r  c a l c u l a t i o n s  desc r ibed  he re ,  a pure 
C02 atmosphere was chosen, w i th  a s u r f a c e  p re s su re  of 6mb. 
The in f luence  of water vapor was neg lec t ed ;  Goody and B e l t o n  (1967) 
have shown i t s  in f luence  t o  be sma l l .  Carbon monoxide has  no v i b r a t i o n -  
r o t a t i o n  band i n  t h e  the rma l  i n f r a r e d  r eg ion ,  b u t  a pure r o t a t i o n  band 
w i t h  l i n e s  between 1.00 and 600 p has been d e t e c t e d .  
r o l e  of CO i s  small  and was a l s o  n e g l e c t e d o  
Thus, t h e  r a d i a t i v e  
4.3 CALCULATION DETAILS AND RESULTS 
The d e t a i l s  of t h e  bands of carbon d iox ide  i n  t h e  15 p r e g i o n  have 
a l r e a d y  been given i n  t h e  prev ious  cha.pter, and t h e  abundance of t h e  
i s o t o p e s  was l e f t  unchanged. The only major change i s  i n  t h e  Lorentz 
ha l f -wid th  o f  t h e  l i n e s ,  which a r e  now se l f -b roadened .  Burch e t  a l . ,  
(1962) have shown t h a t  t h e  self  broadened ha l f -wid th  i s  about  l e 3  times 
t h e  n i t r o g e n  broadened va lue ,  i e e e ,  about 0.105 cm a t  1 atmosphere and 
300"K0 T h i s  i s  t h e  va lue  used i n  t h e s e  c a l c u l a t i o n s .  Madden (1961) has 
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shown t h a t  t h e r e  a r e  v a r i a t i o n s  i n  ha l f -wid th  wi th  r o t a . t i o n a 1  quantum 
number i n  t h e  15 ~1 r e g i o n ,  and t h e s e  should  be t a k e n  i n t o  accoun t .  How- 
e v e r ,  t h e  c o r r e c t  va lue  i s  not  known f o r  a l l  l i n e s ,  and probably does n o t  
have a l a r g e  e f f e c t ,  e s p e c i a l l y  when compared t o  o t h e r  u n c e r t a i n t i e s  i n  
t h e  model. Mixed Doppler-Lorentz broadening  was used throughout  t h e  Mar t ian  
atmosphere. 
The a tmospher ic  model used f o r  t h e  c i r c u l a t i o n  c a l c u l a t i o n s  i s  q u i t e  
s imple .  The atmospheric temperature p r o f i l e  i s  de f ined  by t h e  tempera ture  
a t  t h r e e  p r e s u r e  l e v e l s .  pg/3, 2pg/3 and pg, where p 
p r e s s u r e .  
g 
A t  h ighe r  p r e s s u r e s  t h e  temperature i s  g iven  by a q u a d r a t i c  i n  loga r i thm 
is  t h e  s u r f a c e  
@; 
A t  p re s su res  lower t h a n  p / 3  t h e  atmosphere i s  i s o t h e r m a l .  
of p re s su re  , th rough t h e  t h r e e  p r e s s u r e  l e v e l s .  
LEVEL PRESSURE 
( m b.) 
LAY E R TEMPER ATUR E 
(" K) 
0 0 
I 2 
170 
I 
\ 170 
2 3 
3 4 
4 5 . 220 
5 6 
F i g .  8. 
5 
230 
Model of Martian atmosphere , showing tempera tures  
and p r e s s u r e s  used i n  r a d i a t i v e  t r a n s f e r  c a l c u l a t i o n s .  
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For  t h e  r a d i a t i v e  t r a n s f e r  c a l c u l a t i o n ,  two f u r t h e r  l e v e l s  a t  p /2 and 
gp,/6 were i n s e r t e d ,  and t h e  c a l c u l a t i o n  methods desc r ibed  i n  Chapter 2 
g 
were a p p l i e d  t o  t h i s  simple a tmosphereo  
From Eq. (2.4.7), t h e  f l u x  d i f f e r e n c e  between a d j a c e n t  l e v e l s  may 
be w r i t t e n  i n  the  form 
c ?  v i-1 a J  
rr, i  i m 1, . . 0 ,5 (4.34 
I n  o r d e r  t o  a r r i v e  a t  t h i s  form of t h e  e q u a t i o n  t h e  source  f u n c t i o n  
( i d e n t i c a l  t o  the  Planck f u n c t i o n  i n  t h e s e  c a l c u l a t i o n s )  has t o  be assumed 
f requency  independent over f i n i t e  frequency i n t e r v a l s  It was found t h a t  
u s i n g  t h e  average value of Ji i n  10 cm’l i n t e r v a l s  was s a t i s f a c t o r y .  
should be con t r a s t ed  t o  t h e  mesospheric c a l c u l a t i o n s  i n  Chapter 3 9  where 
t h e  source  f u n c t i o n  was assumed c o n s t a n t  over a whole a b s o r p t i o n  band, 
approximately 100 cm-l wide 
T h i s  
I n  each  of t h e  10 cmY1 i n t e r v a l s  t h e  source func t i cn  Ji was expanded 
i n  t h e  form 
Ji(’J,T) - do,i + dl,i T + d 2 , i  T2 (44.2) 
The c o e f f i c i e n t s  d d. and d were obta ined  by r e q u i r i n g  t h e  
o , i ’  L , i  2 , i  
q u a d r a t i c  express ion  t o  be e x a c t  f o r  three t empera tu res ,  Ti  andTi  k 30°K. 
I n  t h i s  way a n  e r r o r  of l e s s  t h a n  1% can be obta ined  over t h e  range Ti+ 
5 O ” K .  The T . ’ s  used a r e  g iven  i n  F i g .  8. 
1 
S u b s t i t u t i n g  Eq,  ( 4 . 3 . 2 )  i n t o  Eq. (4*3*1), AFm may b e  expressed  i n  
t h e  form 
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5 
i=l 
AFm = a, + (bm,i Ti + C . T,2) m = 1,2,000,5 
111 m , i  
One d i f f i c u l t y  remains: t h e  c o e f f i c i e n t s  a i n  Eq. (4.3.1) a r e  
f u n c t i o n s  of tempera ture ,  because of t h e  dependence of l i n e  i n t e n s i t y  and 
ha l f -wid ths  on tempera ture ,  and should t h e r e f o r e  only be used f o r  t h e  
tempera ture  p r o f i l e  f o r  which they  a r e  c a l c u l a t e d .  
m i  
The tempera ture  depen- 
dence of ami could be allowed f o r  i n  a simple way by expanding t h e  c o e f f i c i e n t  
a s  a l i n e a r  f u n c t i o n  of T1,". .  ,T3, b u t  t h e  amount of computation involved 
would be very  l a r g e  s i n c e  t h e  i n t e g r a t i o n  over t h e  whole band would have 
t o  be made f o r  many temperature p r o f i l e s .  
I n  view of t h e  many assumptions made i n  t h e  a tmospher ic  c i r c u l a t i o n  
madel, t h e  tempera ture  dependence of t h e  c o e f f i c i e n t s  was neg lec t ed  I n  
t h e o r y ,  t h e  dependence i s  easy t o  account f o r  b u t  p r a c t i c a l  l i m i t a t i o n s  
on computing t i m e  make it impossible a t  t h e  p re sen t  t i m e .  
The v a l u e s  of t h e  c o e f f i c i e n t s  a r e  shown i n  Table  V .  The accuracy 
of s o l u t i o n  u s i n g  Eq. (4.3.3) was compared wi th  t h a t  of Eq. (4.3.1) f o r  
an  extreme p r o f i l e ,  assuming the  atmosphere t o  be 50°K c o l d e r  t h a n  t h e  
mean p r o f i l e  a t  a l l  l e v e l s .  The l a r g e s t  e r r o r  was about  0.5 deg K/day 
i n  t h e  c o o l i n g  r a t e .  These r e s u l t s  a r e  shown by way of example. It 
i s  c l e a r l y  p o s s i b l e  t o  r e p e a t  t h e  computations a s  necessa.ry,  f o r  any de- 
s i r e d  model atmosphere. 
Tab le  V I  shows t h e  cool ing  r a . t e s  der ived  from s e v e r a l  r e p r e s e n t a t i v e  
tempera.ture p r o f i l e s  a 
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TABLE V I  
HEATING RATES I N  TKF: MARTIAN ATMOSPHEXE FOR TYPICAL 
TEMPERATURE PROFILES 
Temperature a t  l e v e l  I ( O K )  o r  
hea t ing  r a t e  i n  l a y e r  I (OK/Day) 
I 1 2 1, 4 5 
Temperature 1-70 190 2 10 220 230 
Heat ing  -4.3 1.4 -3 -7 -7.6 -10.0 
Temperature 170 1.90 2 10 220 250 
Heat ing  -4.0 2.3 -1.8 -1.3 -10.0 
Temper a t u r  e 170 1.90 210 220 210 
Heat ing  -4.5 0 . 8  -5.3 -12.8 -10.0 
Temperature 170 190 2 10 210 200 
H e  a t  i n g  -4.7 0.2 -7.3 -12.5 -6.5 
Temper a t  u re  190 2 10 230 240 250 
Heat ing  -8.8 0.5 -6.7 -11.4 -13.8 
Temperature 170 180 190 210 230 
Heat i n g  -5 .o .- -0.3 0.7 -0.4 -9.6 
The form of t h e  s o l u t i o n  i n  Eq. (4.3.3) i s  simple and quick t o  eva lu -  
a t e ,  and t h e r e f o r e  meets t h e  requirements f o r  use i n  t h e  c i r c u l a t i o n  model. 
4.4 COMPARISON WITH PRBVIOUS CALCULATIONS 
C a l c u l a t i o n s  of r a d i a t i v e  t r a n s f e r  i n  t h e  Martian atmosphere have 
been made by Ohring and Marino (1966) f o r  s e v e r a l  d i f f e r e n t  combinations 
of s u r f a c e  p re s su re  and atmospheric composition, a l though not f o r  p re s -  
s u r e s  a s  low a s  6 mb. The i r  long-wave r a d i a t i v e  t r a n s f e r  cons idered  only 
t h e  15 p bands of carbon d ioxide ,  u s i n g  a modified form of E l s a s s e r ' s  
(1960) r a d i a t i o n  t a b l e s .  It is no t  c l e a r  e x a c t l y  what allowance was 
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made f o r  temperature e f f e c t s .  T h e i r  r e s u l t s  showed s t r a t o s p h e r i c  e q u i -  
l i b r i u m  tempera tures  some 15 t o  2 0 ° K  lower t h a n  t h o s e  of Prabhakara and 
Hogan (1963). This  may be a consequence of t h e  e r r o r  i n  computing t h e  
absorbed r a d i a t i o n  i n  t h e  l a t t e r  paper, a s  d i scussed  i n  s e c t i o n  3.4.3. 
The r e s u l t s  of Ohring and Marino cannot be d i r e c t l y  a p p l i e d  t o  a 
c i r c u l a t i o n  model, a l though t h e y  could probably  be modified t o  do so .  
However, c a l c u l a t i o n s  by Leovy (Leovy, 1966 and Leovy and Mintz, 1966) 
were made s p e c i f i c a l l y  f o r  t h i s  purpose.  The t r a n s m i s s i v i t i e s  were 
c a l c u l a t e d  by the same method a s  Prabhakara and Hogan (1965), which i n t r o -  
duces an  unknown e r r o r ,  However, t h e  manner of c a l c u l a t i n g  t r a n s m i s s i v i t i e s  
i s  no t  e s s e n t i a l  t o  t h e  method. The c i r c u l a t i o n  model used by Leovy and 
Mintz assumes a cons t an t  l a p s e  r a t e  i n  t h e  t roposphe re  ( e x c e p t  f o r  a s u r -  
f a c e  boundary l a y e r ) ,  making t h e  tempera ture  dependence of t h e  t r a n s m i s s i o n  
f u n c t i o n s  e a s i e r  t o  i n c o r p o r a t e .  A s i m i l a r  method couid  probably be used 
f o r  t h e  calcuLat, ions desc r ibed  here,  a l though  it may be b e t t e r  t o  use  
t h e  c o n s t a n t  c o e f f i c i e n t s  i n i t i a l l y  t o  t e s t  t h e  c i r c u l a t i o n  model, and 
t o  modify them af te rwards  when it becomes apparent  p r e c i s e l y  what kind 
of tempera ture  v a r i a t i o n s  can be expec ted .  
CErAPFER 5 
CONCLUSIONS 
The main r e s u l t  of t h i s  study i s  t h e  development of a method of com- 
pu t ing  f l u x  d ivergences  i n  a plane p a r a l l e l  atmosphere by d i r e c t  i n t e g r a -  
t i o n  w i t h  r e s p e c t  t o  f requency over molecular  abso rp t ion  bands.  
i n t e g r a t i o n  methods, which have a l r e a d y  been used t o  c a l c u l a t e  a tmospheric  
s l a n t  p a t h  t r a n s m i s s i v i t i e s ,  o f f e r  advantages over prev ious  methods: 
D i r e c t  
1. The Curtis-Godson approximation i s  app l i ed  over success ive  t h i n  
atmospheric  layers, i n s t e a d  of t h i c k  l a y e r s .  
2. Band models a r e  completely avoided and t h e  actua.1 p o s i t i o n ,  
i n t e n s i t i e s  and ha l f -wid ths  of t h e  l i n e s  a r e  used,  a t  l e a s t  t o  w i t h i n  t h e  
accuracy t h a t  t h e y  a r e  known. 
The c a l c u l a t i o n  of f l u x  divergences by d i r e c t  i n t e g r a t i o n  s h a r e s  
t h e s e  two advantages,  b u t  a l s o  makes p o s s i b l e  o t h e r  f e a t u r e s :  
3. A d i f f u s i v i t y  f a c t o r  is no t  employed. I n s t e a d ,  e x p o n e n t i a l  i n t e -  
g r a l s  a r e  used and e f f i c i e n t  polynomial approximations f o r  E2(x) ,  E3(x) 
and E3( x )  have been developed 
4. A source  f u n c t i o n  which i s  l i n e a r  i n  p re s su re  i n  t h i n  h o r i z o n t a l  
l a y e r s  i s  used. It i s  shown t o  be more a c c u r a t e  t h a n  u s i n g  i so the rma l  
l a y e r s  or  h igher  order  polynomials t o  approximate t h e  source f u n c t i o n .  
5 -  Flux  d i f f e r e n c e s  rather t h a n  f l u x e s  a r e  c a l c u l a t e d ,  avoid ing  
numerical  d i f f i c u l t i e s  when t h e  d i f f e r e n c e s  a r e  sma l l .  T h i s  i s  important  
a t  low p res su res  where smal l  d i f f e r e n c e s  i n  f l u x  can provide l a r g e  amounts 
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of coo l ing .  The atmospheric l a y e r s  can be made a r b i t a r i l y  t h i n  t o  ac -  
conodate f i n e  s t r u c t u r e  i n  t h e  v e r t i c a l  t empera ture  p r o f i l e .  
6 .  The method is  v e r s a t i l e  and c3n be used f o r  any abso rbe r  o r  mix- 
t u r e  of absorb ing  gabeh, 
The d isadvantages  of the method a r e -  
1 a It reglJires a n  in t ima te  knowledge of atm ) s p h e r i c  a b s o r p t i o n  
bands ,  a i though t h i s  i s  t rue  t o  a l a r g e  e x t e n t  of any method. 
2, It r e q u i r e s  compara t ive ly  l a r g e  amounts of computing t ime.  Th i s  
f a c t o r  can b e  expected to dec rease  I n  t h e  f u t u r e  a:; f a s t e r  e1.ectroni.c 
computers a r e  developed, and computing becomes l e s s  expens ive .  
Two a p p l i c a t i o n s  of t h e  methad a r e  g iven .  The f i r s t  i s  t o  t h e  e a r t h ' s  
atmosphere between about 60 and 100 km, where r a d i a t i v e  c o o l i n g  due t o  
t h e  15 p. carbon d ioxide  bands i s  i n v e s t i g a t e d .  V i b r a t i o n a l  r e l a x a t i o n  
i s  t a k e n  i n t o  account t o  d e r i v e  source f u n c t i o n s  f o r  t h e  i n d i v i d u a l  bands .  
Ccloling r a t e s  a re  obta ined  f o r  both model atmospheres and a c t u a l  soundings.  
The r e su l t s  show t h a t  c o o l i n g  predominates near t h e  mesopause, b u t  t h a t  
s l i g h t  h e a t i n g  frequent,Ly o c a r s  a t  t h e  tempera ture  minimum or  where d i s -  
c o n t i n u i t i e s  i n  the t,emperature g r a d i e n t  e x i s t  Local f e a t u r e s  of t h e  
v e r t i c d  temperature s t r u c t u r e  dominate t h e  cozl ing r a t e  V i b r a t i o n a l  
r e l a x a t i o n  infLuences t h e  c o o l i n g  r a t e  above 70 t o  75 km where t h e  r a t e s  
a r e  strongly dependent i n  t h e  v i b r a t i o n a l  r e l a x a t i o n  t ime The r a d i a t i v e  
coo l ing  r a t e s  c d c u l a t e d  from mean p r o f i l e s  are s i g n i f i c a n t l y  s m a l l e r  
t h a n  t h e  mean of coo l ing  r a t e s  ob ta ined  from measured tempera ture  soundings,  
s u g g e s t i n g  a p o s s i b l e  mean energy s i n k  f o r  t h e  upper mesosphere and lower 
thermosphere.  
The second a p p l i c a t i o n  i s  t o  t h e  Mar t ian  atmosphere, where r a d i a t i v e  
t r a n s f e r  c a l c u l a t i o n s  a r e  performed f o r  i n c o r p o r a t i o n  i n  a simple c i r c u l a -  
t i o n  model. A pure  carbon d ioxide  atmosphere and a s u r f a c e  p r e s s u r e  of 
6 mb a r e  used t o  i l l u s t r a t e  the method. 
CHAPTER 6 
SUGGESTIONS FOR FUTURE WORK 
The techniques  developed i n  t h i s  paper can be a p p l i e d  t o  a wide 
v a r i e t y  of atmospheric r a d i a t i v e  problems The speed of t h e  a v a i l a b l e  
computer was a d e f i n i t e  l i m i t a t i o n  on t h e  scope of a p p l i c a t i o n s  d e s c r i b e d  
he re ,  b u t  f u t u r e  computing developments w i l l  make more e x t e n s i v e  computa- 
t i o n s  p o s s i b l e .  
The l a c k  of d e t a i l e d  knowledge of t h e  a b s o r p t i o n  bands of water 
vapor (6 .3  p and pure r o t a t i o n a l  bands)  and of ozone (9.6 p bands)  p re -  
v e n t s  t h e  accu ra t e  c a l c u l a t i o n  of coo l ing  r a t e s  i n  o t h e r  s p e c t r a l  r e g i o n s  
f o r  t h e  e a r t h ' s  atmosphere Both expe r imen ta l  and t h e o r e t i c a l  i n v e s t i g a -  
t i o n s  of t h e s e  abso rp t ion  bands a r e  be ing  made and p o s i t i v e  r e s u l t s  can  
be expected wi th in  a few y e a r s .  
of t h e  p r e s e n t  method t o  o t h e r  s p e c t r a l  r e g i o n s ,  a s  well a s  t o  t h e  rest 
of t h e  atmosphere 
I n  t h e  reg ion  of t h e  e a r t h ' s  atmosphere where v i b r a t i o n a l  r e l a x a t i o n  
An e q u a t i o n  
T h i s  w i l l  make p o s s i b l e  t h e  a p p l i c a t i o n  
i s  impor tan t ,  accu ra t e  va lues  of r e l a x a t i o n  t ime a r e  needed. 
f o r  t h e  sou rce  f u n c t i o n  f o r  t h e  carbon d iox ide  over tone  ba,nds i n  t h e  
15 p r e g i o n  i s  r e q u i r e d .  Because of t h e  in f luence  of l o c a l  tempera ture  
s t r u c t u r e  f e a t u r e s ,  more c a l c u l a t i o n s  u s i n g  measured p r o f i l e s  a r e  r e q u i r e d  
t o  determine mean coo l ing  r a t e s  n e a r  t h e  mesopause, and t o  o b t a i n  a n  
unders tanding  of t h e  r o l e  of t h e  15 pC02 bands i n  t h e  energy ba lance  of 
t h e  upper atmosphere. 
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As more d e t a i l s  of t h e  composition of t h e  Mart ian atmosphere become 
a v a i l a b l e ,  it w i l l  be poss ib l e  t o  modify r a d i a t i v e  t r a n s f e r  c a l c u l a t i o n s .  
The problem of v i b r a t i o n a l  r e l a x a t i o n  i n  t h e  upper atmosphere i s  a l s o  of 
cons ide rab le  i n t e r e s t ,  bu t  cool ing r a t e s  may a g a i n  be dominated by l o c a l  
tempera ture  f e a t u r e s ,  which are unknown a t  t h e  p re sen t  t i m e .  It would 
be of i n t e r e s t  t o  apply t h e  present  method of c a l c u l a t i o n  t o  o b t a i n  r a d i a -  
t i ve  e q u i l i b r i u m  tempera ture  p r o f i l e s .  
Although t h e  methods descr ibed  i n  t h i s  s tudy  were developed s p e c i -  
f i c a l l y  t o  examine long-wave r a d i a t i v e  t r a n s f e r ,  t h e y  can be modified 
and app l i ed  t o  t h e  abso rp t ion  of s o l a r  r a d i a t i o n  i n  t h e  near  i n f r a r e d .  
An unders tanding  of t h e  combined e f f e c t  of a l l  r a d i a t i v e  t r a n s f e r  pro- 
c e s s e s  i n  t h e  upper atmosphere would c o n s t i t u t e  a s i g n i f i c a n t  advance i n  
a tmospheric  phys i c s .  
APPENDIX 
THE POLYNOMIAL APPROXIMATION OF 
EXPONENTIAL INTEGRALS 
I n  r a d i a t i v e  t r a n s f e r  problems angu la r  i n t e g r a t i o n  of t h e  t r a n s f e r  
equa t ions  f r equen t ly  produces terms invo lv ing  e x p o n e n t i a l  i n t e g r a l s .  The 
nth order  exponent ia l  i n t e g r a l  En(x) i s  de f ined  by 
emXt/tn d t  
E ( x )  may be eva lua ted  i n  a number of ways, i nc lud ing  ser ies  and asymptot ic  1 
expansions,  o r  l e s s  p r e c i s e l y  u s i n g  polynomial or r a t i o n a l  approximat ions .  
(Abremowitz 
t a i n  h ighe r  order i n t e g r a l s  from E1(x). 
and Stegun 1964). A r ecu r rence  r e l a t i o n  may be used t o  ob- 
The r a t i o n a l  approximations a r e  q u i t e  s u i t a b l e  f o r  use i n  a computer 
s u b r o u t i n e ,  b u t  they  involve  t h e  e v a l u a t i o n  of t h e  e x p o n e n t i a l  f u n c t i o n  
o r  n a t u r a l  logar i thm,  or  b o t h  (depending on t h e  va lue  of x ) ,  a f a c t o r  
which cons iderably  i n c r e a s e s  computing t i m e .  
s i n g u l a r i t y  a t  t.he o r i g i n ,  whereas t h e  h ighe r  o r d e r  i n t e g r a l s  a r e  w e l l  
Furthermore E1(x) has a 
behaved. I n  a d d i t i o n ,  va lues  obta ined  by t h e  r ecu r rence  r e l a t i o n  f o r  
x > 5 a r e  s u b j e c t  t o  cons ide rab le  e r r o r .  Thus t h e r e  a r e  advantages  i n  
computing t h e  higher o rde r  i n t e g r a l s  d i r e c t l y ,  r a t h e r  t h a n  from t h e  f i rs t  
o rde r  i n t e g r a l .  
The approach adopted was t o  approximate t h e  i n t e g r a l s  by polynomials 
of i n t e r v a l s  on the  p o s i t i v e  x - a x i s ,  u s i n g  a l e a s t  squa res  t e c h n i q u e .  
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Suppose a polynomial of degree m 
i s  used i n  t h e  i n t e r v a l  ( x l , x 2 ) .  The cond i t ion  t o  be s a t i s f i e d  i s  t h a t  
x2 2 ixl [pm(') - E n ( x ) ]  dx 
i s  a minimum. 
I n  p r a c t i c e ,  p,(x) is  expressed i n  terms of Legendre polynomials P i (x )  
which a r e  or thogonal  on ( x  x ) 1' 2 
The c o n d i t i o n  t h e n  becomes 
o r  
x2 
x1 
Ai Ci  = .f Pi(x) En(x)  dx i = 0 ,  ..., m 
where 
The i n t e g r a l  i n  Eq.-A-l can be  expressed a s  a l i n e a r  sum of i n t e g r a l s  of 
t h e  form 
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By success ive  i n t e g r a t i o n  by p a r t s ,  o r  by i n d u c t i o n  on j ,  it can be 
shown t h a t  
T h i s  method can be used f o r  va lues  of x1 g r e a t e r  t han  about 1 .0 .  The 
va lues  of EL(xl,) and El(x2) were obta ined  from publ i shed  t a b l e s  and t h e  
r e c u r r e n c e  r e l a t i o n  employed for t h e  h ighe r  o rde r  i n t e g r a l s .  Double 
p r e c i s i o n  a r i t h m e t i c  was used. 
For sma l l  va lues  of x1 and x2 t h e  numerical. va lue  of t h e  i n d i v i d u a l  
terms i n  t h e  s e r i e s  expansion a r e  many o r d e r s  of magnitude g r e a t e r  t h a n  
t h e  sum, s o  t h a t  even double p r e c i s i o n  does no t  produce s u f f i c i e n t  accuracy .  
The i n t e g r a l s  were eva lua ted  f o r  x1 and x2 between 0.0 and 1. 0 by Gaus- 
s i a n  quadra tu re .  The va lues  of t h e  e x p o n e n t i a l  i n t e g r a l s  a t  t h e  quadra tu re  
p o i n t s  were a c c u r a t e l y  obta ined  from t h e  series expansion of E (x) (which 
converges r a p i d l y  on t h i s  i n t e r v a l ) ,  followed by t h e  r ecu r rence  r e l a t i o n .  
1 
Radia t ive  t r a n s f e r  a p p l i c a t i o n s  g e n e r a l l y  r e q u i r e  a h igh  a b s o l u t e  
accuracy f o r  t h e  exponent ia l  i n t e g r a l s ,  r a t h e r  t h a n  a h igh  r e l a t i v e  ac -  
cu racy .  T h i s  impl ies  t h a t  f o r  1a . rger  va lues  of x ,  t h e  number of s i g n i f i -  
c a n t  f i g u r e s  of accuracy may be q u i t e  low. The aim of i n v e s t i g a t i o n  was 
t o  produce an  e f f i c i e n t  method t o  c a l c u l a t e  t h e  exponential .  i n t e g r a l s  
t o  an  a b s o l u t e  accuracy of about  1 x lo? 
ach ieved ,  a l though it, r e q u i r e s  t h e  i n t e r v a l  ( O , O O )  t o  be broken i n t o  r a t h e r  
a l a r g e  number of s u b i n t e r v a l s .  
F o r  Eq(x )  t h i s  can be r e a d i l y  
D e t a i l s  a r e  g iven  i n  Table  V I I .  E3(x) 
I 
I 
i 
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r e q u i r e s  s l i g h t l y  more s u b i n t e r v a l s  b u t  is otherwise s i m i l a r .  Table  V I 1 1  
l i s t s  t h e  i n t e r v a l s  and c o e f f i c i e n t s .  
Near x = 0 E2(x) presents  some problems, s i n c e  i t s  slope i s  no t  
f i n i t e  a t  x = 0, a c h a r a c t e r i s t i c  which make approximation by a poly-  
nomial i n  t h i s  reg ion  very  d i f f i c u l t .  
f u n c t i o n  was expanded: 
I n  t h e  i n t e r v a l  (O,O.OO5). 
where 
y i s  E u l e r ' s  c o n s t a n t .  
For x 2 .OO5 a polynomial expansion was employed ( s e e  Table  I X )  . 
The r e s u l t i n g  computer subrout ines ,  a l though not  mathematical ly  
e l e g a n t ,  provide a r a p i d  means of e v a l u a t i n g  E2, E 
excep t ion  of t h e  r eg ion  near  x = 0 f o r  E 
is  about  0.24 m s e c  f o r  t h e  IBM 7090, which is almost twice  t h e  average 
speed of t h e  system subrout ine f o r  t h e  exponen t i a l  f u n c t i o n .  
and E4. With t h e  3 
t h e  average t i m e  f o r  e v a l u a t i o n  2 '  
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